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Preface: A World
Without Oracles

Before sailing, marrying, or founding a city, the ancient Greeks
would go to Delphi and ask the oracle. The oracle mattered not
because it was always accurate, but because it promised one thing:
before you acted, there was somewhere that could tell you the
answer. Two thousand years later, computer scientists borrowed
the word. For them, an oracle is a black box: you hand it a
problem you cannot solve, and it immediately returns the correct
answer. The two oracles share the same fantasy: before moving,
verify right and wrong.

This book is about the world after that fantasy breaks.

We almost never verify. We act, and then, sooner or later, we
find out; or we never find out at all. We think “everything can be
checked” is the normal state because our earliest training comes
from an unusually narrow class of tasks: arithmetic, sorting a list,
checking a receipt. In those tasks the answer is close at hand, so
we mistake them for the shape of the whole world. But once we
leave that narrow door, verification immediately becomes a luxury.
You can verify seven times eight. You cannot verify, before saying
“I do,” that the marriage will last; before release, that a codebase
has no bugs; before committing yourself, that a theory is true,
a company is healthy, or a decision is right. Most consequential
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actions step onto unverified ground. The oracle does not answer,
and you still have to move.

The usual responses to this condition are lament or pretense.
Those who lament say that if nothing can be made certain, then
every judgment is mere guesswork. Those who pretend build
themselves a false oracle: they enthrone a measurable number
and act as if it were the unmeasurable truth. This book does
neither. It asks a more interesting question: when the oracle is
absent, what do capable people actually do: scientists, engineers,
mathematicians, and governors?

If you pursue that question across enough fields, you run into
a surprising observation. Although the sources of unverifiability
differ wildly, capable responses keep converging on the same small
set.

That observation gives the book its two-layer structure. Hold it
in mind, because everything later hangs from it.

The first layer: the problem is heterogeneous. Beneath the sen-
tence “I cannot check it” lie five structurally different situations.
Some have no decision procedure in principle (undecidable). Some
have a procedure, but its cost explodes (intractable). Some hide
the relevant state from you (partially observable). Some could
be verified in principle, but you lack the time, computation, or
samples (budget-constrained). Some contain an opposing system
actively frustrating your check (adversarial). Treating these five
as the same is the most common mistake in this territory. Part I
pulls them apart.

The second layer: responses converge. Whatever face the problem
wears, capable actors repeatedly reach for the same few things: re-
place an unmeasurable target with a measurable proxy; prove a
bound on a slice you can inspect; spend expensive checks where
they carry the most information; introduce an external judge;
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shrink the blast radius of failure; calibrate residual risk as a proba-
bility; move checking from before the fact to after it; and use multi-
ple independent judgments to cancel single-point error. This book
calls these the eight moves, and argues that they can be gathered
under four more basic levers. Part II enters four concrete sites
and lets those moves appear inside their local vocabularies. Part
III then lifts each move out, cleans it, names it, and lays out a
cross-domain table. That table is the real payload of the book.
Part IV asks why these moves, and not others.

One candid reservation has to stand at the front. Is this conver-
gence a law, in the sense that something forces every bounded
actor toward these moves? Or is it only a strong empirical pat-
tern: something we keep seeing, but cannot prove must be so? At
the moment I do not have evidence that it is a law. What this
book delivers is a bounded conjecture, stated plainly, together
with a shared vocabulary that can connect many fields. It is not
a theorem. Chapter 14 confronts this directly.

That creates an unavoidable and fitting recursion. A book about
how to act under unverifiability cannot verify its own central claim.
So it can only do what it describes throughout: state a calibrated
belief, draw the boundaries of the claim, invite refutation, and
proceed anyway. This book will practice the methods it studies.
If it is right, that self-demonstration is not a defect. It is the only
honest way to write it.

One image to end on; the afterword will return to it. A ship
changes course in heavy fog. The captain has charts, a compass,
and estimates of the current. She does not have eyes that can
see through the fog. She cannot verify, before turning the rudder,
whether a reef lies ahead. The fog will not lift. The oracle will
not come. But sailing cannot stop for that reason. This book
wants to understand not how to wait for the fog to clear, but how
a good captain actually steers inside it.
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Chapter 1: The Luxury
of Verification

Thesis: The complete verification that can confirm
in advance that something is true, correct, or safe is
the exception in the lives of humans and machines, not
the norm.

Seven Times Eight, and Everything Else

You can verify that seven times eight is fifty-six. You can recount
it, compute it a second way, or simply recite the multiplication
table; within seconds, right and wrong are nailed down.

Now switch to a few other things. Before you say “I do,” verify
that the marriage will last; before you hit deploy, verify that the
codebase has not a single bug; before you give half your life to
it, verify that the theory you believe is true; before you take the
job, verify that the company is healthy. None of these can you do.
Not because you have not tried hard enough, but because things
of this kind simply do not offer the option of verifying in advance.

The first cornerstone of this book is that contrast: the complete
verification that can confirm in advance that something is true,
right, or safe is the exception in the lives of humans and machines,
not the norm. We feel it ought to be the norm only because our
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intuition was shaped inside a very narrow door.

The Narrow Door Where Verification Is
Cheap

Which things can we actually verify? Working an arithmetic prob-
lem, sorting a string of numbers, checking the total on a receipt,
judging whether a move on the board is legal. Set these side by
side and they share a few hidden features: the object is closed
(everything relevant is laid out in front of you), it is finite (the
cases can be counted), the answer is local and immediate (it does
not depend on the distant or the future), and there exists a me-
chanical decision procedure (follow it and you get a yes or a no).

It is precisely this narrow door that feeds our intuition that “ev-
erything can be checked.” What school rewards over and over is
exactly this kind of problem: one with a standard answer, grad-
able on the spot. So we quietly extrapolate an experience, “in
the things I have practiced, right and wrong can always be sorted
out,” into a worldview, “the rightness or wrongness of things can
always be sorted out.” That extrapolation is wrong, and wrong in
a systematic way. Outside the narrow door, those four features
fail almost one by one.

The Illusion Breaks in Four Places

Scale. Inside the door the cases can be counted; outside, they
cannot. A program with 𝑛 branches may have as many as 2𝑛

possible execution paths, and a few dozen branches are enough to
make exhaustive testing impossible to finish within the lifetime
of the universe. This path explosion rules “test it all” out from
the start. You can verify that it is correct on the handful of
inputs you thought of; you cannot verify that it is correct on
all inputs. On August 1, 2012, when Knight Capital deployed
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Figure 1: Verification: the cheap narrow door, and the four
breaches outside it

a new trading program, one of its eight servers had not been
updated, and a stretch of long-dormant, long-since-deprecated old
code was accidentally woken by a reused flag; over roughly forty-
five minutes after the opening bell it spewed out millions of orders,
costing the firm about 440 million dollars and nearly bankrupting
it overnight. No one had verified that dead path, because no
one imagined it would still run. Checking a single case is easy;
checking every case, the moment the quantifier “all” appears, you
have crossed into another world.

Open world. Inside the door the object is closed; outside, the
world keeps sending new things. What you tested was a finite
handful of scenarios; what the system actually meets is an open,
to-be-continued environment. On June 4, 1996, the Ariane 5
rocket made its maiden flight and destroyed itself in the air about
thirty-seven seconds after launch. The cause was a piece of inertial
navigation code carried over directly from the Ariane 4, never re-
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verified for the new trajectory, which forced a 64-bit floating-point
number into a 16-bit integer; the new rocket’s higher horizontal
velocity made that number overflow, and along with the four sci-
entific satellites aboard, the loss exceeded 370 million dollars. The
code had run correctly for years in the old world; in a new world
it turned lethal. The MCAS system on the Boeing 737 MAX is a
more harrowing version of the same breach: it behaved normally
across test flight after test flight, yet on real routes it read a single
faulty angle-of-attack sensor and pushed the nose down again and
again; two crashes (Lion Air 610 in 2018, Ethiopian 302 in 2019)
took 346 lives between them. What you verify is always the slice
you have seen before; what you must wager on is the future you
have not.

Other minds. Inside the door the state is observable; outside,
the goal you must satisfy is often locked inside another person’s
head. The scene at the start of this chapter, “built it right, but
it was not what I wanted,” has its root here: what the user truly
wants, whether the boss is satisfied, whether the other person loves
you, these are latent variables; you can only infer them obliquely
from behavior, you cannot read them directly, and so you cannot
directly verify whether you have satisfied them. Even the most
solemn of life’s commitments cannot escape it: by demographic es-
timates, roughly forty to fifty percent of American first marriages
end in divorce, and no one, in the moment of saying “I do,” can
verify that it will last.

The future. This is the deepest of them, and Hume laid it bare
back in 174817: induction carries no logical guarantee. That the
sun has risen every day in the past does not logically prove it will
rise tomorrow; finite past experience cannot verify in advance any
universal claim about the future. What we rely on is not proof but
habit. Every action whose outcome falls in the future, marriage,
investment, sowing, entrusting, lies on the far side of this breach.
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Even the Two Hardest Fields Bow

Perhaps you will think that the soft domains, scale and the human
heart and the future, may as well concede, but mathematics and
software ought to be the fortresses of complete verification. It is
precisely these two hardest places that have most soberly admitted
the limits of verification.

On the software side, Dijkstra13 left a line that has been quoted
to death and is still correct: testing can only prove that defects
are present, never that they are absent. He held that a program
should be correctly constructed, not debugged into correctness.
Yet even formal proof, the strictest road, has its limit. DeMillo,
Lipton, and Perlis, in their controversial and famous 1979 paper9,
argued that program verification cannot play the role mathemati-
cal proof plays, that its credibility ultimately comes from a social
process rather than mechanical deduction; Fetzer in 1988 put it
more harshly10, that a program, as a causal model, is separated
by a gulf from the algorithm as a logical structure, and that “a
completely reliable program verification” does not hold even in
theory. Brooks’s “No Silver Bullet”11 asserts that the essential
complexity of software cannot be eliminated by any single stroke;
Parnas resigned as an adviser to the Star Wars program and pub-
licly argued that the software of such systems cannot be verified to
the point of being worthy of trust12; and the Therac-25 radiother-
apy machine, which between 1985 and 1987 went out of control
six times because of a concurrency race condition and delivered
radiation hundreds of times above normal into patients’ bodies,
killing at least three15, is the footnote all these judgments paid in
human lives. A 1968 NATO conference simply coined a word for
it: the software crisis16.

Mathematics cuts deeper still. Gödel proved in 19313 that any
sufficiently rich and consistent formal system contains true propo-
sitions it cannot decide internally; Church and Turing each proved
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in 19362,1 that no algorithm can decide whether an arbitrary
proposition is provable (the Entscheidungsproblem has no solu-
tion); Rice’s theorem4 pushed it to the limit, that any nontrivial
semantic property of a program is undecidable. Even where a
problem is decidable in principle, the NP-completeness Cook es-
tablished in 19715 shows that the cost of verification can explode
until it simply will not run in practice. These are not temporary
engineering shortfalls; they are the hard boundary logic has drawn
around verification. The next chapter takes this layer apart on
its own.

Restated, and This Is Not a Counsel of De-
spair

Put it all together: most consequential actions step onto unverified
ground.

This is not a conclusion that paralyzes; it is a starting point. To
admit that verification is a luxury is precisely the first step in tak-
ing action seriously. Knight, back in 1921, already separated mea-
surable “risk” from immeasurable “uncertainty”22 and pointed out
that profit comes precisely from the latter; Keynes, speaking of
genuine uncertainty, left only the line “we simply do not know”26;
Simon, seeing that a bounded actor cannot exhaustively verify
every option, proposed “satisficing”23; von Neumann and Mor-
genstern, and Savage, each built a formal framework for how to
bet rationally when outcomes cannot be verified in advance24,25.
An entire discipline of decision is built on the very premise that
verification is unavailable. The question was never how to abolish
uncertainty, but how to act well within it.
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Where This Chapter Leads

Since verification is usually unavailable, the first thing to ask is:
why is it unavailable?

There is more than one answer, and that is exactly what matters.
Treating “I cannot check it” as a single situation is the most com-
mon and most misleading mistake in this field. It is in fact five
structurally different situations sharing one sentence. In the next
chapter, we break that sentence into five.
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Chapter 2: The Five
Faces of Unverifiability

Thesis: “I cannot check it” conceals five structurally
different situations, and to run them together is the
central error of this field.

A single “I cannot check it” sounds like one situation, but it hides
five. They are structurally different, and the remedies available to
each are different too; running them together is the most central
error in this field.

What this chapter sets out to do is to pry the five apart and pin
each one down precisely. This may look like nothing more than
a taxonomist’s fastidiousness, but it is in fact the credit line for
the whole second half of the book. The book ultimately wants
to argue that, however wildly the sources of unverifiability differ,
the responses converge on the same small set. For that claim
not to look cheap, the precondition is to make “wildly different”
stick first. The more thoroughly the differences are drawn, the
more the later convergence becomes something worth marveling
at, worth explaining. Hold these five faces firmly in mind; they
will be named again and again across the book.
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Figure 2: The five faces of unverifiability: their criteria and their
remedies differ

The First Face: Undecidable

The criterion: in principle there exists no algorithm to decide it.
Not hard, but absent.

This is verification’s hardest failure. Hilbert and Ackermann in
19284 stated the decision problem (Entscheidungsproblem) explic-
itly, asking whether there could be a mechanical procedure to de-
cide the truth or falsity of any mathematical proposition. Eight
years later, Church2 with the lambda calculus and Turing1 with
that abstract machine of his each proved that there could not.
Turing’s halting problem is especially clean: no algorithm can de-
cide, for an arbitrary “program plus input,” whether it will halt.
Gödel’s incompleteness of 19313, Rice’s theorem6 (no nontrivial
semantic property of a program is decidable), and Matiyasevich’s
1970 refutation7 of Hilbert’s tenth problem all belong to this fam-
ily. This is no idle talk on paper: precisely because “will this
stretch of program do something harmful” reduces to the halting
problem, there can in theory be no antivirus software that per-
fectly and infallibly detects every malicious program. This is the
ceiling logic has drawn for the antivirus industry.
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The remedy for this face has a property unlike any other: there
will never be a complete solution. No amount of time, no faster
machine will do, because the obstacle is logical, not one of re-
sources. All you can do is settle for less, verifying a finite slice, or
confining yourself to those fragments that genuinely are decidable
(arithmetic with addition only, say). This point will go on echoing
all the way to Chapter 7.

The Second Face: Intractable

The criterion: an algorithm exists, but its cost explodes with scale,
too large to finish in practice.

This face and the last are a hair apart and worlds apart: decidable,
yet infeasible. The NP-completeness established independently by
Cook in 19718 and Levin in 19739, and Karp’s famous twenty-one
NP-complete problems of 197210, give it a precise characteriza-
tion. The satisfiability problem in the worst case, and countless
combinatorial optimization problems, all have solution methods
in principle, but in the worst case the time those methods take
grows exponentially with the size of the input,

𝑇 (𝑛) ∼ 2𝑛,

and a few dozen variables are enough to leave the fastest super-
computer sighing at an ocean it cannot cross. An intuition for
the order of magnitude: the game tree of chess has about 10120

branches (the Shannon number), the legal positions of Go number
about 2 × 10170, while the atoms in the entire observable universe
come to only about 1080. These board games have simple rules
and are exhaustible in principle, but that “in principle” lies far
beyond physical possibility. Whether P equals NP is precisely the
question of whether this wall is destined to stand.
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Its remedy is wholly unlike that for the undecidable. Here, putting
in more resources is meaningful, and, more to the point, you can
trade “accepting a little less” for “a cost you can afford”: approx-
imate solutions in place of exact ones, the average case in place
of the worst case, heuristic search, randomization. Intractability
forces out a whole repertoire of “discounting” wisdom, which the
undecidable case has none of.

The Third Face: Partially Observable

The criterion: the very state you would verify against is hidden
from you.

It is not that there is no decision procedure, nor that the cost is
too great, but that you simply cannot see the thing you ought
to see. The user’s true preferences, what is happening inside the
patient’s body, the cards in the opponent’s hand, these are the
states that drive the outcome, yet they do not reveal themselves
to you. Control theory formalized this early: Åström in 196515

studied optimal control under incomplete state information, and
Smallwood and Sondik in 197316, along with Kaelbling and col-
leagues in 199818, developed it into the standard framework of
the partially observable Markov decision process (POMDP). Pa-
padimitriou and Tsitsiklis in 198717 further proved that solving
this class of problems is itself intractable, so the third face often
stacks atop the second.

Its remedy is a class of its own: you no longer pursue a definite
verdict, but maintain a belief distribution over the hidden state
(a belief state), and use each observation to update it,

𝑏′(𝑠′) ∝ Pr(𝑜 ∣ 𝑠′) ∑
𝑠

Pr(𝑠′ ∣ 𝑠, 𝑎) 𝑏(𝑠).

Inference and probing, rather than “computing harder,” are the
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cure for this face. The whole of Chapter 5 lives inside it.

The Fourth Face: Budget-Constrained

The criterion: in principle it can be verified and solved, but you,
this actor, here and now, do not have the time, the computation,
or the samples.

This face is the plainest and also the most common. A reviewer
has only twenty minutes to read a paper; a doctor only a few
minutes to make a diagnosis; a trader must place the order before
the quote disappears. Verification is wholly feasible in theory, yet
infeasible once it lands on a bounded actor. The bounded ratio-
nality of Knight in 192119 and Simon in 195520 is its intellectual
source; the anytime algorithm of Dean and Boddy in 198822 (in-
terruptible at any moment, yielding the current best solution) and
the “bounded optimality” of Russell and Subramanian in 199523

are its formalization.

Its remedy has a feature no other face shares: this face recedes
as resources grow. Give it enough time and computation and it
disappears. Just for that reason, the heart of dealing with it lies in
allocation, spending the scarce budget where the marginal return
is highest. This line of thought is exactly where the later move of
“optimal screening” comes from.

The Fifth Face: Adversarial

The criterion: the system you face is actively working to defeat
your verification.

In the first four faces, the difficulty comes from a neutral property
of the world: logical, of scale, of visibility, of resources. The fifth
is different: across from you sits an intelligence optimizing against
your check. The opponent who lies, the malicious code that dis-
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guises itself, the examinee who manipulates the metric. The game
theory of von Neumann and Morgenstern in 194424, the equilib-
rium of Nash in 1950 (the Nash equilibrium)25, and the minimax
criterion of Wald in 194526 are its classical theory; the adversarial
examples discovered by Szegedy and colleagues in 201429, and the
robust optimization with which Madry and colleagues in 201831

unified attack and defense, are its contemporary incarnation in
machine learning. A model with an extremely high recognition
rate can be fooled disastrously by a perturbation imperceptible
to the human eye, because someone has gone looking specifically
for that perturbation. Researchers have produced a demonstra-
tion reproduced again and again: stick a few carefully designed
stickers, looking like idle graffiti, onto a stop sign, and a top-tier
image-recognition system can be made to read it steadily as a
speed-limit sign. The same sign: a human sees stop, the machine
sees go, and the difference lies only in where the adversary places
the stickers.

Its remedy is strategy, not computation. What you must do is
not to compute some quantity more accurately, but to

min
𝑥

max
𝑦

𝐿(𝑥, 𝑦),

defend against the worst case, use randomization to deprive the
adversary of any prediction about you, and seek to stand firm in
the game rather than be optimal on some fixed input. To treat
the adversarial as a mere observability gap (“I just have not seen
it clearly yet”) is a misjudgment that can cost lives, because it
will adjust itself to track your judgment.

Five Faces, Five Cures

Set them side by side, and what matters is not the names but
that their remedies are mutually incommensurable:
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• The undecidable: never a complete solution, only a retreat
to slices.

• The intractable: cost can be traded for precision, and more
resources are meaningful.

• The partially observable: rely on inferring beliefs and active
probing.

• The budget-constrained: recedes as resources grow, the
heart of it lies in allocation.

• The adversarial: it is a game of chess, won by strategy and
randomization.

Whoever tells you “this thing is solved by piling on more compu-
tation” has most likely mistaken one face for another. To treat
the undecidable as a budget problem, or the adversarial as an ob-
servability problem, is this kind of misidentification, and a costly
one.

These faces also stack and compound. The agent let loose in
Chapter 6 runs into both the unpredictability of an open world
(behavior that is nearly undecidable) and the strategic cunning of
an opponent (adversarial); the organization in Chapter 8 bears the
partially observable and the adversarial together. Real situations
are often a blend of several faces.

Precisely because the sources are so uneven and the remedies so
various, the next question to ask grows sharp: do humans have a
mature method for coexisting with the unverifiable over the long
run, with discipline? They do. That method is called science, and
its very first house rule is to admit openly that it can never verify
itself.
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1. A. M. Turing (1936). “On Computable Numbers, with an
Application to the Entscheidungsproblem.” Proceedings of
the London Mathematical Society, s2-42(1), 230-265. [2][3]
Turing here introduces the notions of “computable numbers”
and the abstract computing machine, and from the unsolv-
ability of the halting problem derives that the decision prob-
lem has no mechanical solution. This paper is the cleanest
exemplar of the “undecidable” face: the obstacle is logical,
not one of resources, and this chapter takes Turing’s ma-
chine and the halting problem as the standard illustration
of the face.

2. A. Church (1936). “An Unsolvable Problem of Elementary
Number Theory.” American Journal of Mathematics, 58(2),
345-363. [2][3] Church, using the lambda calculus he devel-
oped, proved that elementary number theory contains an
unsolvable problem and thereby independently refuted the
decision problem, publishing about seven months ahead of
Turing. His result and Turing’s confirm each other, jointly
making it stick that “in principle there exists no decision al-
gorithm” is no isolated phenomenon; this chapter places the
two side by side as the opening of the undecidable family.

3. K. Gödel (1931). “Über formal unentscheidbare Sätze der
Principia Mathematica und verwandter Systeme I.” Monat-
shefte für Mathematik und Physik, 38, 173-198. [2][3] Gödel
here proves the incompleteness theorem: any sufficiently
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strong consistent formal system contains propositions that
can be neither proved nor refuted. It is the headwater of
the undecidable lineage, showing that formal methods them-
selves have an in-principle limit, and this chapter lists it as
the earliest warning bell of this face.

4. D. Hilbert & W. Ackermann (1928). Grundzüge der the-
oretischen Logik. Springer. [2][3] This textbook of mathe-
matical logic states the decision problem explicitly for the
first time, that is, it asks whether there exists a mechanical
procedure that can decide the truth or falsity of any mathe-
matical proposition. It was precisely this question that gave
rise to the negative proofs of Church and Turing, and this
chapter takes it as the point of departure for the undecid-
able face, by which the reader can see clearly the optimistic
expectation of that era and the logical wall it then ran into.

5. E. L. Post (1944). “Recursively Enumerable Sets of Posi-
tive Integers and Their Decision Problems.” Bulletin of the
American Mathematical Society, 50(5), 284-316. [2][3] Post
here systematically studies recursively enumerable sets and
their decision problems, and proposes the line of thought
that would later give rise to the theory of degrees of unsolv-
ability. It advances the “undecidable” from a single problem
to a graded study of the structure of unsolvability, and this
chapter cites it to show that this face has its own levels and
lineage, rather than being a monolithic block.

6. H. G. Rice (1953). “Classes of Recursively Enumerable Sets
and Their Decision Problems.” Transactions of the Amer-
ican Mathematical Society, 74(2), 358-366. [2] Rice’s theo-
rem establishes here that any nontrivial semantic property
of what a program computes is undecidable. It generalizes
Turing-style undecidability from a particular problem into
a universal iron law, and this chapter cites it to show that
the wish to verify mechanically whether a program “does
the right thing” is, in principle, blocked off.
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7. Y. V. Matiyasevich (1970). “Enumerable Sets Are Diophan-
tine.” Soviet Mathematics. Doklady, 11(2), 354-357. [2][3]
Matiyasevich here supplies the last link, proving that every
recursively enumerable set is Diophantine and thereby com-
pleting the proof of the unsolvability of Hilbert’s tenth prob-
lem, that is, the MRDP theorem. It shows that even a con-
crete mathematical question like “whether a Diophantine
equation has integer solutions” has no decision algorithm,
and this chapter cites it to corroborate that the undecid-
able is not confined to self-reference or metamathematics
but has seeped into ordinary mathematics.

Intractable [2][3]

8. S. A. Cook (1971). “The Complexity of Theorem-Proving
Procedures.” Proceedings of the 3rd Annual ACM Sympo-
sium on Theory of Computing (STOC), 151-158. [2][3] Cook
here founds the concept of NP-completeness, proving that
the satisfiability problem is the hardest class within NP. It
gives a precise definition to the “intractable” face: the prob-
lem has a solution method, but the cost explodes with scale.
This chapter uses it to draw the line between the second
face and the first, that is, “decidable yet infeasible” differs
from “no algorithm at all.”

9. L. A. Levin (1973). “Universal Sequential Search Problems.”
Problems of Information Transmission, 9(3), 265-266. [2][3]
Levin, on the other side of the Iron Curtain, independently
obtained the same result as Cook, giving a completeness
characterization of universal search problems; together the
two are called the Cook-Levin theorem. It shows that the
discovery of NP-completeness was a convergence rather than
an accident, and this chapter cites it to reinforce the objec-
tivity of the “intractable” face: this is a property of the
structure of the problem itself, not something that varies
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with the path of research.
10. R. M. Karp (1972). “Reducibility Among Combinatorial

Problems.” In R. E. Miller & J. W. Thatcher (Eds.), Com-
plexity of Computer Computations (pp. 85-103). Plenum
Press. [2][3] Karp used polynomial reduction to prove
that twenty-one common combinatorial problems are all
NP-complete, extending Cook’s single result into a web of
mutual reductions. It shows that intractability is not the
quirk of a few individual hard problems but a universal
phenomenon spanning a great many practical problems
of scheduling, partition, covering, and the like, and this
chapter cites it to show that this face is everywhere in
engineering.

11. J. Hartmanis & R. E. Stearns (1965). “On the Compu-
tational Complexity of Algorithms.” Transactions of the
American Mathematical Society, 117, 285-306. [2] This pa-
per grades algorithms by the running time of a Turing ma-
chine, laying the framework for dividing complexity classes
according to resource consumption; the very term “compu-
tational complexity” was established by it. It provides the
measuring stick necessary to gauge the “intractable,” and
this chapter cites it to show that the second face can be
spoken of precisely only because there is first a language for
characterizing how cost grows with scale.

12. M. R. Garey & D. S. Johnson (1979). Computers and In-
tractability: A Guide to the Theory of NP-Completeness.
W. H. Freeman. [2] This book systematically organizes the
theory of NP-completeness and its proof techniques, and
appends a widely cited list of intractable problems; it has
long served as the standard reference for the field. For the
reader who wishes to understand the “intractable” face from
the ground up, it is both an introductory guide and a work-
ing handbook, and this chapter lists it as the most reliable
foothold on the subject.

38



13. M. Sipser (2012). Introduction to the Theory of Computa-
tion (3rd ed.). Cengage Learning. [2] This widely adopted
undergraduate textbook clearly explains automata, com-
putability, and complexity, threading the Turing machine,
the halting problem, P and NP, and other concepts into one
coherent line. It covers exactly the theoretical groundwork
of this chapter’s first two faces, and is the surest starting
point for the reader who wishes to build a foundation from
scratch; the first edition can be traced back to 1997.

14. S. Arora & B. Barak (2009). Computational Complexity: A
Modern Approach. Cambridge University Press. [2] This
graduate textbook covers everything from the classical com-
plexity classes to modern topics such as randomization, in-
teractive proofs, approximation, and derandomization, with
a scope far beyond an introductory text. For the reader
who wishes to go deep into the “intractable” face, and es-
pecially to understand how people use approximation and
randomness to skirt the worst case, it is the more advanced
authoritative reading.

Partially Observable [2][4]

15. K. J. Åström (1965). “Optimal Control of Markov Processes
with Incomplete State Information.” Journal of Mathemati-
cal Analysis and Applications, 10, 174-205. [2] Åström here
studies optimal control under incomplete state information,
proposing that all available information be summarized by a
probability distribution over the hidden state, that is, a “be-
lief state.” This is one of the headwaters of POMDP theory,
and exactly the cure this chapter prescribes for “partially ob-
servable”: not to pursue a definite verdict, but to maintain
and update a belief.

16. R. D. Smallwood & E. J. Sondik (1973). “The Optimal
Control of Partially Observable Markov Processes over a
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Finite Horizon.” Operations Research, 21(5), 1071-1088. [2]
This paper gives the classic structural results for the finite-
horizon POMDP, and on that basis designs a method for
computing the optimal policy. It advances Åström’s belief-
state idea into an operable algorithm, and this chapter cites
it to show that “relying on inferring beliefs” is no empty
phrase but is backed by established solution techniques.

17. C. H. Papadimitriou & J. N. Tsitsiklis (1987). “The Com-
plexity of Markov Decision Processes.” Mathematics of Op-
erations Research, 12(3), 441-450. [2] This paper system-
atically characterizes the computational complexity of the
variants of the Markov decision process, proving that intro-
ducing partial observability makes solving them markedly
harder. It clasps the third face together with the second:
the situation of not being able to see the correct state is
itself often intractable to solve, and this chapter uses it pre-
cisely to show that the faces stack atop one another.

18. L. P. Kaelbling, M. L. Littman & A. R. Cassandra (1998).
“Planning and Acting in Partially Observable Stochastic Do-
mains.” Artificial Intelligence, 101(1), 99-134. [2][4] This
paper organizes the POMDP into a standard framework
within artificial intelligence, unifying belief updating, plan-
ning, and acting, and gives practicable algorithms. It is the
most frequently cited representative work for the “partially
observable” situation, and Chapter 5’s development of this
face takes it as its base text; from it the reader can come
to a systematic grasp of the whole practice of inference plus
probing.

Budget-Constrained [1][4], including bounded ratio-
nality and the anytime algorithm

19. F. H. Knight (1921). Risk, Uncertainty and Profit.
Houghton Mifflin. [1][4] Knight here distinguishes “risk,”
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which can be characterized by probability, from “uncer-
tainty,” which cannot be quantified at all, the latter being
a situation with no reliable probability to rely on. This
distinction is one of the intellectual starting points for the
book’s discussion of the unverifiable, and it reminds the
reader that the difficulty of some situations lies not in
computing too imprecisely but in the absence of even the
probability needed to place a bet.

20. H. A. Simon (1955). “A Behavioral Model of Rational
Choice.” The Quarterly Journal of Economics, 69(1),
99-118. [1][4] Simon here proposes bounded rationality: a
real actor is limited in computation, time, and information,
and so, rather than seeking the global optimum, “stops
when satisfied.” This is the conceptual source of the
“budget-constrained” face, and this chapter borrows it
to make the point that many verifications are feasible in
theory but must be discounted once they land on a bounded
actor, thereby leading into the later line of thought about
budget allocation.

21. M. Boddy & T. Dean (1989). “Solving Time-Dependent
Planning Problems.” Proceedings of the 11th International
Joint Conference on Artificial Intelligence (IJCAI). [2][4]
This paper continues the authors’ work on anytime algo-
rithms, studying how to arrange planning when computa-
tion time itself is limited, so that the system can be in-
terrupted at any moment and hand over the current best
solution. It shares a source with the next entry, and this
chapter cites this body of work to show that the core of re-
sponding to the “budget-constrained” face is to spend the
limited time where the marginal return is highest.

22. T. Dean & M. Boddy (1988). “An Analysis of Time-
Dependent Planning.” Proceedings of the 7th National
Conference on Artificial Intelligence (AAAI), 49-54. [2][4]
This paper formally proposes the concept of the anytime
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algorithm: the algorithm can be interrupted at any moment
and yield the current best solution, with quality improving
steadily as computation time increases. It is the represen-
tative formalization of the “budget-constrained” situation,
and this chapter cites it to show that the distinctive feature
of this face is that it recedes as resources grow, so that
the key to responding lies in allocation rather than in raw
computation.

23. S. J. Russell & D. Subramanian (1995). “Provably Bounded-
Optimal Agents.” Journal of Artificial Intelligence Research,
2, 575-609. [2][4] This paper formalizes bounded rationality
as “bounded optimality”: rather than requiring the agent
to output the optimal decision, it requires the agent to do
the best it can under a given constraint on computational
resources. It gives Simon’s intuition a precise definition, and
this chapter cites it to show that the “budget-constrained”
situation too can be theorized seriously, rather than being
merely a helpless compromise.

Adversarial [2][1][4], including decision theory and
adversarial machine learning

24. J. von Neumann & O. Morgenstern (1944). Theory of
Games and Economic Behavior. Princeton University
Press. [2][1] This book founds game theory, treating the
interaction of many parties under conflicting interests as an
object of rigorous analysis, and systematizes the minimax
theorem for zero-sum games. It is the theoretical source of
the “adversarial” face, and this chapter uses it to support
the core claim of the face: in facing an opponent who
optimizes against you, defend against the worst case rather
than seek the optimum on some fixed input.

25. J. F. Nash (1950). “Equilibrium Points in N-Person Games.”
Proceedings of the National Academy of Sciences, 36(1), 48-
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49. [2] Nash proves in this short paper that any finite many-
person game has an equilibrium point, that is, a stable con-
figuration in which no party can profit by unilaterally chang-
ing its strategy. The Nash equilibrium extends game analy-
sis from the zero-sum to the general case, and this chapter
cites it as a core concept of the “adversarial” face, helping
the reader understand how strategic interaction converges
to a predictable, stable structure.

26. A. Wald (1945). “Statistical Decision Functions Which Min-
imize the Maximum Risk.” Annals of Mathematics, 46(2),
265-280. [2] Wald here founds statistical decision theory,
proposing that decisions be chosen by the minimax crite-
rion, that is, so as to minimize risk in the worst case. It
carries “defend against the worst case” from games into sta-
tistical inference, and this chapter cites it to show that the
cure for the adversarial face is a strategic posture: when
the opponent will adjust to track your judgment, seeking
robustness matters more than seeking the optimum at some
single point.

27. L. J. Savage (1954). The Foundations of Statistics. Wiley.
[2][1] Savage here builds the axiomatic foundations of subjec-
tive expected utility theory, arguing that a rational actor’s
preferences can be represented as the expected utility taken
against a subjective probability. It is the standard frame-
work for decision under uncertainty, and this chapter cites
it to represent the orthodox stance of “keeping accounts of
uncertainty with probability and utility,” while also paving
the way for the next entry to reveal the boundary of that
stance.

28. D. Ellsberg (1961). “Risk, Ambiguity, and the Savage Ax-
ioms.” The Quarterly Journal of Economics, 75(4), 643-669.
[1][4] Ellsberg, with a simple betting experiment, reveals
that people generally avoid the “ambiguous” option whose
probability is itself unclear, a behavior that violates Sav-
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age’s axioms. It corroborates Knight’s distinction between
risk and uncertainty at the empirical level, and this chapter
cites it to show that the probability framework is not om-
nipotent: some unverifiable situations cannot even yield a
probability.

29. C. Szegedy, W. Zaremba, I. Sutskever, J. Bruna, D. Erhan,
I. Goodfellow & R. Fergus (2014). “Intriguing Properties
of Neural Networks.” International Conference on Learning
Representations (ICLR). arXiv:1312.6199. [2] This paper is
the first to reveal adversarial examples systematically: ap-
plying a perturbation almost imperceptible to the human
eye to an image can make a neural network of extremely
high recognition rate err. It brings the “adversarial” face
into modern machine learning, and this chapter cites it to
show that, so long as someone goes looking specifically for
that perturbation, even the most accurate model can be
fooled, which is exactly where the adversarial differs from a
mere observability gap.

30. I. J. Goodfellow, J. Shlens & C. Szegedy (2015). “Ex-
plaining and Harnessing Adversarial Examples.” Interna-
tional Conference on Learning Representations (ICLR).
arXiv:1412.6572. [2] This paper attributes adversarial
examples to the model’s linearity in high-dimensional
space, proposes the FGSM method for rapidly generating
perturbations, and defends against them with adversarial
training. It both explains why adversarial examples are
pervasive and gives the earliest means of response, and this
chapter cites it to show that the attack and defense of the
adversarial face are a pair locked in mutual rise and fall,
demanding a continual game.

31. A. Madry, A. Makelov, L. Schmidt, D. Tsipras & A. Vladu
(2018). “Towards Deep Learning Models Resistant to Adver-
sarial Attacks.” International Conference on Learning Rep-
resentations (ICLR). arXiv:1706.06083. [2][4] Madry and
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colleagues write adversarial robustness as a minimax opti-
mization problem: the inner layer finds the worst perturba-
tion, the outer layer trains to resist it, with projected gra-
dient descent as the standard attack. It unifies attack and
defense in the language of robust optimization, landing this
chapter’s claims about the adversarial face and worst-case
decision squarely within machine learning, and is a deeply
influential paper in this direction.

32. B. Biggio & F. Roli (2018). “Wild Patterns: Ten Years
after the Rise of Adversarial Machine Learning.” Pattern
Recognition, 84, 317-331. [2] This survey reviews a decade
of adversarial machine learning, noting that the field got un-
der way before deep learning became fashionable, and lays
out the overall thread of attack models, threat modeling,
and defense. For the reader who wishes to grasp the “ad-
versarial” face in full, it is an authoritative overview, and
this chapter cites it as the best foothold for reading the face
through.
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Chapter 3: Falsifiable,
Not Verifiable

Thesis: The most disciplined way humans have to
seek knowledge, empirical science, rests on a public
admission: a theory can never be verified, only left
unfalsified.

The previous chapter asked whether humans have a mature, dis-
ciplined way to live alongside the unverifiable for the long haul.
There is one: empirical science. And the most surprising thing
about it is that its first principle is not the claim that it can es-
tablish the truth, but precisely the public admission that it can
never do so.

A Black Swan

“All swans are white.” You have seen a thousand white swans,
you have seen a million, and this universal statement is still not
verified, because the next one may be black. But you need only
see a single black swan, and it is overturned completely. This
is no made-up example: in Europe, “all swans are white” was
long taken as unquestioned common sense, until in 1697 a Dutch
expedition saw a black swan for the first time in Western Australia,
and that “certainty” was voided overnight.
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This asymmetry is the pivot of the whole chapter. To verify a
universal proposition you must check every case it asserts, and
those cases are typically infinite, open, and lodged in the future,
so the thing simply cannot be done. But to falsify it, a single
counterexample suffices. Written out in logic: ∀𝑥 𝑃(𝑥) cannot be
established by any finite set of observations, but a single ∃𝑥 ¬𝑃(𝑥)
is enough to shatter it. The entire discipline of science is built on
recognizing and exploiting this asymmetry.

Figure 3: The asymmetry between verification and falsification

Hume’s Impassable Threshold

The root of this was already dug out by Hume in 17394. On what
grounds do we believe that a regularity that has held in the past
will go on holding in the future? There is no logical warrant for
it. From “the sun has risen every day in the past” you cannot
infer “the sun must rise tomorrow,” because the inference itself
presupposes that “past patterns will continue into the future,”
which is exactly the thing to be proved. Induction carries no
logical guarantee. Hume’s conclusion is calm and complete: what
we rely on is not proof, but habit.

This is the philosophical footing of the “future” breach from Chap-
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ter 1. Any knowledge of the world’s general regularities is built
on a finite past, and therefore cannot be verified in advance. If
science is to count as knowledge, it cannot take “verification” as
its goal, for that goal is simply out of reach.

Popper: Trading the Unreachable for the
Reachable

Popper, in 19341 (in the original German), offered a way out:
since verification is unattainable, stop demanding it, and use fal-
sification instead. Whether a theory is scientific does not turn on
how much evidence can support it (support can always be found),
but on whether it has stuck its neck out and made risky predic-
tions that could be overturned. Astrology, and any doctrine that
explains away everything, is unfalsifiable and therefore unscien-
tific; general relativity predicted that starlight would be bent by
the sun’s gravity through a specific angle, and the 1919 eclipse
observation could perfectly well have measured a different value
and so refuted the prediction. It is precisely because the theory
dared to risk being overturned that it is good science.

So science became a machine optimized specifically for living
alongside the unverifiable. It never claims to have proved any-
thing; it says only that this theory has not yet been falsified, so
we shall use it for now. This is a posture, a posture of trading
the unmeasurable “true” for the measurable “not yet overturned.”
Look familiar? This is exactly what the mathematician’s proxy
substitution in Chapter 7 looks like at the scale of epistemology.

A Candid Qualification

It must be said plainly, right here: Popperian falsificationism is
far from settled in the philosophy of science, and this book treats
it as a clear point of entry, not as a final word.
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Its most forceful objection comes from the holism of Duhem and
Quine (also called the Quine-Duhem thesis). Duhem in 190610 and
Quine in 19519 pointed out that you can never test a hypothesis in
isolation. Any prediction depends on a large bundle of auxiliary
assumptions (the instrument is not broken, the background condi-
tions hold, the approximation is reasonable), and once an experi-
ment fails, you can always turn the blame toward some auxiliary
assumption and keep the core hypothesis intact. So the picture in
which “a single counterexample cleanly overturns a theory” is not
as clean as it looks. Kuhn in 19625 went further: scientists in a
period of normal science are in no hurry to falsify at all; anomalies
are set aside until a paradigm crisis brings about a revolutionary
replacement. Lakatos in 19706 used the progress and degenera-
tion of a “research programme” to replace black-and-white falsi-
fication; Feyerabend7 simply opposed any unified method at all.
Another route is Bayesian confirmation theory24, which wants no
two-valued verdict but instead treats evidence as an adjustment
to the probability of a belief,

𝑃(𝐻 ∣ 𝑒) = 𝑃(𝑒 ∣ 𝐻) 𝑃(𝐻)
𝑃(𝑒) ,

which in turn foreshadows the later move of calibration.
Mayo’s “severe testing”14 is a refined heir of falsificationism,
while Stanford19 reminds us that a great many “unconceived
alternatives” still lie beyond our view.

Laying these disputes out does not dismantle Popper; it enacts
what this book itself ought to do: state a powerful framework
while marking its boundaries without flinching. This posture is
exactly the move the whole book sets out to rehearse.
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Science Discovered Those Moves Long Ago

Here is this chapter’s real gift to the book. If you look at the
everyday machinery of science with the eye of the eight moves,
you find that it worked several of them out long ago, only under
different names.

Peer review is redundancy and consensus: it distrusts any single
judge and uses several mutually independent reviewers, taking
their agreement. Replication is also redundancy: a result is not
taken seriously until someone else reproduces it independently
elsewhere. Preregistration is an audit trail: before the data are
seen, the hypothesis and the analysis plan are registered, so the
target cannot be moved afterward and noise cannot be talked up
into signal. Confidence intervals and error statistics are certifi-
cates and bounds: they do not claim a proposition is true, only
that, at an explicit confidence level, a bounded guarantee holds.
Double-blinding and randomization are defenses against the fifth
face (adversarial), and here the adversary is often the researcher’s
own bias and subjective expectation. The significance threshold
is a crude form of calibration.

In other words, humanity’s most serious enterprise of inquiry is
itself a living sample of this book’s convergence claim. This is the
book’s first and quite weighty hint: although the unverifiability
science faces (about general regularities, about the future) has its
own particular source, the responses it is forced into rhyme with
the responses in software, mathematics, and organizations.

When the Machine Fails: The Replication
Crisis

The reverse view makes it clearer. When these moves are weak-
ened, science’s self-correction breaks down, and that is the repli-
cation crisis. Ioannidis, in his 2005 paper28 “Why Most Published

50



Research Findings Are False,” and the Open Science Collabora-
tion’s 2015 large-scale replication29 of a hundred psychology stud-
ies (97 percent of which had originally reported significant results,
of which only about thirty-six still held after redoing them, fewer
than half) lay this scene bare: when preregistration is absent (the
target can be moved afterward), sample sizes are too small, pub-
lication bias passes only the pretty results, and few people un-
dertake the thankless work of replication, the machine spins in
neutral.

The diagnosis and repair of this crisis are carried out in the very
language of those moves: restoring preregistration (putting the
audit trail back), encouraging and rewarding replication (putting
the redundancy back), registered reports, and raising the severity
of testing. Problem and remedy fall onto the same vocabulary.
This point will return in Chapter 10 on borrowed judgment and
Chapter 12 on audit trails and auditing.

Where This Chapter Leads

Science has proved one thing: a person can seek knowledge in
a disciplined way in a world without verification, and wherever
this is done well, it relies on those very moves. This is a proof of
concept for the whole book.

But a trap lurks here too. Precisely because all five faces ap-
pear with the same expression, “I cannot check it,” and precisely
because the moves for handling them are so similar, a deeply
tempting thought arises: why not simply declare that unverifi-
ability is one problem with one unified solution? The part of
this thought about the “problem” is wrong; the part about the
“response” stumbles onto something right. The next chapter is
devoted to this temptation.
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by the author himself. The section “Popper: Trading the
Unreachable for the Reachable” is built directly on this, and
the reader should attend above all to the epistemological
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correction to Popper’s picture, showing that scientists are
often in no hurry to falsify an anomaly. This chapter’s “A
Candid Qualification” cites it to mark the boundary of fal-
sificationism.

6. I. Lakatos (1970). “Falsification and the Methodology of
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Scientific Research Programmes.” In I. Lakatos and A. Mus-
grave (eds.), Criticism and the Growth of Knowledge, pp. 91-
196. Cambridge University Press. [1][3] Lakatos uses the
“research programme” to reconcile Popper and Kuhn: each
programme has a protected hard core and a surrounding
belt of adjustable auxiliary assumptions, and the standard
of judgment is not a single counterexample but whether the
programme as a whole is, over time, “progressing” (contin-
uing to make and fulfill new predictions) or “degenerating”
(busy only with patching after the fact). It replaces black-
and-white falsification with a historical judgment about a
programme’s advance or retreat, a key reference when this
chapter delimits the boundary of falsificationism.

7. P. Feyerabend (1975). Against Method: Outline of an Anar-
chistic Theory of Knowledge. New Left Books. [1][3][4] Fey-
erabend argues forcefully, through cases from the history of
science such as Galileo, that there is no universally valid set
of scientific methods, and that major advances often come
precisely from breaking existing rules, hence his famous slo-
gan “anything goes.” It is the most radical opposition to
a unified methodology, cited in this chapter to make plain
that even a methodological claim as mild as “falsification”
is rejected at the root by some.

8. C. G. Hempel (1965). Aspects of Scientific Explanation and
Other Essays in the Philosophy of Science. Free Press. [2] In
this essay collection Hempel gives a culminating account of
the covering-law model of scientific explanation, including
both deductive-nomological and inductive-statistical expla-
nation, and discusses the logic of confirmation and its para-
doxes. It represents logical empiricism’s systematic charac-
terization of the “theoretically studied material,” and sup-
plies this chapter with a classic background on what counts
as testable and explicable.
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9. W. V. O. Quine (1951). “Two Dogmas of Empiricism.” The
Philosophical Review, 60(1), 20-43. [2] Quine attacks the
two dogmas of logical empiricism, the sharp divide between
analytic and synthetic and reductionism, and proposes epis-
temological holism, holding that our beliefs face experience
together as one whole web, and that no single statement can
be verified or refuted in isolation. Combined with Duhem’s
holism of testing (jointly called the Quine-Duhem thesis), it
strikes directly at the picture in which “a single counterex-
ample cleanly overturns a hypothesis,” a core reference for
this chapter’s delimiting of the boundary of falsificationism.

10. P. Duhem (1906). La théorie physique: son objet, sa struc-
ture. Chevalier & Rivière. [2] Duhem here proposes the
holism of testing: an experiment in physics never tests an
isolated hypothesis but rather “the hypothesis together with
a whole set of auxiliary assumptions and background theo-
ries,” so a failed prediction cannot determine exactly where
the error lies. This is the source of what was later, with
Quine, called holism, used in this chapter to show that the
bearing of a counterexample is not as definite as it appears.
The original 1906 French edition is taken as authoritative
here; the second edition was published by Marcel Rivière
in 1914, and P. P. Wiener’s English translation, The Aim
and Structure of Physical Theory, was issued by Princeton
University Press in 1954.

11. M. Polanyi (1958). Personal Knowledge: Towards a Post-
Critical Philosophy. University of Chicago Press. [1][4]
Polanyi proposes “tacit knowledge”: we know far more than
we can tell, and in scientific inquiry there is always a layer
of personal judgment and craft that cannot be formalized
and can only be acquired through practice and apprentice-
ship. It reminds us that no methodology, however strict, can
eliminate the scientist’s own, inarticulable judgment, echo-

55



ing this chapter’s waypoints of historical scientific judgment
and how to live in an unverifiable world.

12. B. C. van Fraassen (1980). The Scientific Image. Clarendon
Press. [2][4] Van Fraassen proposes “constructive empiri-
cism”: the aim of science is not to claim a theory is true but
only that it is “empirically adequate,” that is, that it cor-
rectly saves the observable phenomena; to accept a theory
is to believe it empirically adequate, not to believe its un-
observable parts actually exist. It turns “unverifiable” into
a mature scientific attitude, resonating with this chapter’s
posture of replacing “true” with “not yet overturned.”

13. I. Hacking (1983). Representing and Intervening: Intro-
ductory Topics in the Philosophy of Natural Science. Cam-
bridge University Press. [2][3] Hacking shifts philosophical
attention from “representing” to “intervening,” arguing that
the best defense of realism lies not in theory but in exper-
iment: when we can stably manipulate electrons to probe
other things, electrons are real (“if you can spray them, they
are real”). It opens a new approach to scientific realism
grounded in experimental practice, and reminds the reader
that scientific progress likewise depends on hands-on inter-
vention, not on theoretical testing alone.

14. D. G. Mayo (1996). Error and the Growth of Experimental
Knowledge. University of Chicago Press. [3] Mayo proposes
the philosophy of “error statistics”: we have reason to ac-
cept a hypothesis only when it has passed a severe test, one
that “would very probably have failed if the hypothesis were
false.” This makes Popper’s spirit of falsification operational
as a statistical testing procedure, and is a refined heir of fal-
sificationism; this chapter’s notion of “severe testing” comes
from here (part of the Science and Its Conceptual Founda-
tions series).

56



15. D. G. Mayo (2018). Statistical Inference as Severe Testing:
How to Get Beyond the Statistics Wars. Cambridge Univer-
sity Press. [3][4] Mayo here reconstructs statistical inference
around “severity” as a unifying principle, attempting to get
past the long-running “statistics wars” between frequentists
and Bayesians, and on this basis responds to criticisms of
significance testing in the replication crisis. It develops the
programme of item 14 into a methodology facing contem-
porary statistical practice, and is especially apt for under-
standing how to use statistical evidence responsibly in an
unverifiable world.

16. L. Laudan (1981). “A Confutation of Convergent Realism.”
Philosophy of Science, 48(1), 19-49. [1][2] Laudan lists a
batch of theories from the history of science that were once
successful (able to predict, able to explain) yet were finally
abandoned, such as phlogiston and the ether, arguing that
the inference “success implies truth” does not hold up, a
forceful rebuttal to convergent realism often called the “pes-
simistic meta-induction.” It shows that even empirically
very successful theories need not be close to the truth, rein-
forcing this chapter’s claim that science does not take “ver-
ifying the truth” as its goal.

17. L. Laudan (1977). Progress and Its Problems: Towards
a Theory of Scientific Growth. University of California
Press. [3] Laudan argues for measuring scientific progress by
“problem-solving capacity” rather than approach to truth:
whether a research tradition progresses turns on the net gain
in the empirical and conceptual problems it solves. It offers
a view of progress that bypasses the concept of truth, supply-
ing this chapter’s how-science-progresses with an alternative
framework that does not depend on verification.

18. P. Kitcher (1993). The Advancement of Science: Science

57



without Legend, Objectivity without Illusions. Oxford Uni-
versity Press. [3] Kitcher, having discarded the “legend”
of science as all-knowing and all-powerful, also refuses rela-
tivism, and instead rebuilds a moderate and defensible ob-
jectivity and view of progress from science’s social and cogni-
tive practice. It demonstrates how one can, while admitting
that science is shaped by history and society, still hold onto
the two concepts of progress and objectivity, in line with this
chapter’s stance of affirming science while honestly marking
its boundaries.

19. P. K. Stanford (2006). Exceeding Our Grasp: Science, His-
tory, and the Problem of Unconceived Alternatives. Oxford
University Press. [1][2][3][4] Stanford raises the problem
of “unconceived alternatives”: the history of science shows
again and again that past scientists always had theoretical
options that only appeared later and were utterly unthink-
able at the time, so we have no reason to believe that we
have today exhausted all viable explanations. He distills
this “new induction” from historical cases such as genetics,
directly echoing this book’s framework of “an unverifiable
world,” and reminding the reader that there is always an
unconceived possibility beyond our view.

20. N. Goodman (1955). Fact, Fiction, and Forecast. Harvard
University Press. [2] Goodman raises the “new riddle of in-
duction”: “green” and the artificial predicate “grue” (mean-
ing observed as green before a certain time and blue there-
after) both fit all observations to date equally well, yet yield
opposite predictions, which shows that induction cannot be
settled by evidence alone but must also depend on which
predicates are “projectible.” It shows that the difficulty of
induction is not only the Humean problem of justification
but, more deeply, the indeterminacy of the regularity itself,
deepening this chapter’s understanding of why induction is
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unreliable. The first-edition year is commonly given as 1955
(one HUP blurb gives 1954, a slight ambiguity; the widely
cited 1955 is followed here).

21. C. G. Hempel and P. Oppenheim (1948). “Studies in the
Logic of Explanation.” Philosophy of Science, 15(2), 135-
175. [2] Hempel and Oppenheim here lay the foundation
of the deductive-nomological (D-N) model of explanation:
that a phenomenon is scientifically explained means that it
can be logically derived from general laws plus initial condi-
tions. It is the starting point of twentieth-century theories
of scientific explanation, defining what “being explicable”
means logically, and supplying this chapter with an under-
lying framework for how science characterizes regularities.

22. R. Carnap (1936-1937). “Testability and Meaning.” Philos-
ophy of Science, 3(4), 419-471; 4(1), 1-40. [2] Carnap here
loosens the strict principle of verifiability, using the broader
notions of “testability” and “confirmability” to demarcate
meaningful empirical statements, and handles the connec-
tion between theoretical terms and observation through de-
vices such as disposition predicates. It records logical empiri-
cism’s key retreat from “verifiable” to “testable,” resonating
exactly with this chapter’s main line of “verification is out
of reach, so use the reachable instead.” The text was pub-
lished in two parts, volume 3 issue 4 (1936) and volume 4
issue 1 (1937).

23. W. C. Salmon (1984). Scientific Explanation and the Causal
Structure of the World. Princeton University Press. [2]
Salmon argues that the heart of scientific explanation is not
logical derivation but the disclosure of causal mechanisms:
to explain a phenomenon is to embed it in the world’s web
of causal processes and causal interactions. It is an im-
portant correction to the covering-law model, shifting the
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standard of “being explicable” from derivability to traceable
causal structure, supplying this chapter’s understanding of
how science characterizes the world with the dimension of
causation.

24. C. Howson and P. Urbach (1989). Scientific Reasoning: The
Bayesian Approach. Open Court. [2][3] Howson and Ur-
bach systematically advocate a Bayesian view of scientific
reasoning: rather than a true-or-false two-valued verdict,
they treat evidence as a continuous adjustment, by Bayes’s
theorem, to the probability of a belief, and on this basis
respond to many difficulties of induction and confirmation.
It is the representative work on the Bayesian confirmation
theory mentioned in this chapter’s text, forming a contrast
with falsification and severe testing, and foreshadowing the
book’s move of calibration.

25. E. Sober (2008). Evidence and Evolution: The Logic Behind
the Science. Cambridge University Press. [2] Sober uses the
tools of likelihood theory and statistical inference to analyze
in detail “what evidence supports,” and discusses which hy-
potheses are genuinely testable, including an anatomy of
why intelligent design is untestable. It brings the abstract
question of testability down to concrete scientific inferential
practice (especially with evolution as the example), demon-
strating how to judge rigorously whether a claim can with-
stand the test of evidence.

26. P. Godfrey-Smith (2003). Theory and Reality: An Intro-
duction to the Philosophy of Science. University of Chicago
Press. [2][3] Godfrey-Smith’s widely praised introduction
to the philosophy of science lays out clearly the whole
thread from logical empiricism, falsificationism, and Kuhn’s
paradigm to Bayesianism and the dispute over scientific
realism. It serves well as an introductory anchor for the
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many topics of this chapter, and the reader who wants
to build a global map before reading the monographs can
begin here.

27. N. Cartwright (1983). How the Laws of Physics Lie. Claren-
don Press. [2][3] Cartwright argues that the fundamental
laws of physics are universal and elegant precisely because
they do not faithfully describe the real world but rather de-
scribe highly idealized models; the more fundamental a law,
the greater its explanatory power, yet the more it “lies” in
description. She turns instead to value the concrete laws
and causal capacities closer to the phenomena, reminding
the reader that the “truth” of scientific laws is far more
complex than usually supposed, deepening this chapter’s re-
flection on the relation between theory and world.

28. J. P. A. Ioannidis (2005). “Why Most Published Research
Findings Are False.” PLoS Medicine, 2(8), e124. [3][4] Ioan-
nidis argues, through concise statistical modeling, that in
fields with small effect sizes, flexible study designs, and ram-
pant publication bias, the probability that a published “posi-
tive” finding is false is often higher than the probability that
it is true, and false positives can systematically outnumber
true ones. It is a founding document of the replication crisis,
and the core evidence for this chapter’s section “When the
Machine Fails,” showing how science’s self-correction spins
in neutral once it is weakened.

29. Open Science Collaboration (2015). “Estimating the Re-
producibility of Psychological Science.” Science, 349(6251),
aac4716. [3][4] The Open Science Collaboration, coordinat-
ing over a hundred researchers, conducted systematic direct
replications of a hundred published psychology studies, with
the result that fewer than half successfully reproduced the
original effect, and the reproduced effects were generally
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weaker than originally reported. It turns the replication
crisis from argument into large-scale evidence, the empirical
core of this chapter’s “replication crisis” section, and under-
scores why moves such as replication and preregistration are
indispensable.
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Chapter 4: The
Temptation to Flatten

Thesis: Because all five faces present as “I cannot
check it,” there is a strong urge to treat unverifiability
as one problem and fit it with one solution. About the
problem this is wrong, yet it points toward the right
thing about the response.

Chapter 2 spent a whole chapter prying unverifiability apart into
five faces. Chapter 3 then observed that the moves for coping
with those faces resemble one another. Put the two together, and
a thought almost inevitably arises, and a deeply tempting one:
since they all carry the same feature, “I cannot check it,” and are
all handled by much the same means, why not simply declare that
unverifiability is one problem and fit it with one unified solution?

This chapter does two things. First it exposes where that thought
goes wrong; then it makes clear what, by accident, it gets right,
and from that draws for the whole book a burden of proof.

Where Flattening Goes Wrong

To flatten is to crush five structurally different faces into a single
face. Its cost was, in fact, already rehearsed in Chapter 2.
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To treat the undecidable as a budget problem, supposing that
“throwing in more computing power will do it.” Wrong. The
halting problem is not slow to compute; there is simply no such
algorithm, and no faster machine can conjure a program that does
not exist.

To treat an adversarial gap as a mere observability gap, supposing
that “I just have not seen it clearly yet.” Wrong, and more danger-
ously so. The system across from you adjusts itself in light of how
you look: the more clearly you see, the more cunningly it hides.
This is a game of chess, not a single measurement. Spam filtering
is the living textbook: you train a classifier on the features of
today’s spam, and the senders immediately rewrite their wording,
switch domains, and insert garbled characters to slip past. Who-
ever mistakes it for a static recognition task and solves it with a
one-off model will forever be half a step behind.

To treat the intractable as the undecidable, and so abandon too
early a problem that could in fact be approximated or handled in
the average case; or the reverse, to treat the undecidable as merely
intractable, and pound away with computing power against a wall
of logic without end. Every such misidentification makes you
reach for the wrong tool and pay a real price. Diagnose the lesion
wrongly, and even the most apt medicine is poison.

So, about the “problem,” flattening is wrong. The five faces must
be handled separately. This is the conclusion Chapter 2 bought
with a whole chapter, and it cannot be lightly handed back here.

The Side Flattening Accidentally Gets Right

And yet there is a grain of truth inside that thought. About the
“problem” it is wrong; about the “response” it accidentally gets it
right.

This book’s thesis is precisely the picking of that grain of truth
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out of the surrounding error, and stated with great care:

The sources of unverifiability differ wildly, but the re-
sponses a bounded actor is forced into converge again
and again on the same small set.

Note the restraint of this formulation. It does not say “these
problems are the same problem.” That would be flattening, and
wrong; any expert in any one field would throw the book down. It
says something else, stronger and more defensible: the problems
all differ, but the responses rhyme. What the book sets out to
deliver is that “table of the same move under many vocabularies,”
together with an explanation of why the convergence falls on just
these few moves.

A Burden of Proof It Must Bind Itself With

Said this far, the greatest risk surfaces too. The human mind
is born to love analogy. Lakoff and Johnson14 let us see that
even everyday language is built out of metaphor, while Gentner6,
Holyoak9, Bartha7, and others have studied when an analogy is
true and when it is merely good-looking. But precisely because
analogy comes so readily to hand, it is also the easiest to be fooled
by. A beautiful cross-domain analogy often proves nothing at
all. The handiest cautionary case is the lineage of Hofstadter’s
Gödel, Escher, Bach1: cross-domain resonances written so daz-
zlingly that they take the breath away, yet often criticized as “in
the end just analogy,” unable to survive a hard question. A more
solid lesson comes from the so-called power law craze. Many sys-
tems were declared to obey the same power law and share the
same deep mechanism, which sounded marvelously unified; yet
once tested with statistics as strict as those of Clauset, Shalizi,
and Newman25 in 2009, a great many “power laws” simply failed
to hold. They re-examined more than twenty real data sets widely
claimed to be power laws, and only a handful passed the test
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cleanly; most were in fact better fit by other distributions such as
the log-normal. Stumpf and Porter26, in their 2012 piece “Critical
Truths About Power Laws,” put it bluntly: looking like one is not
the same as being one.

So this book must bind itself with an iron rule: any claimed con-
vergence must be shown to be more than analogy.

What counts as “more than analogy”? The philosophy of science
offers a ready measuring stick. For a cross-domain mapping to
count as substantive, it must be structure-preserving, not merely
surface-similar but corresponding in mechanism, corresponding in
mode of failure, corresponding in trade-off. Gentner’s6 structure-
mapping and Bartha’s7 evaluation of the analogical argument give
exactly this set of standards. There is a still harder criterion, ro-
bustness: a conclusion is more credible if it can be derived again
and again from several mutually independent routes. The robust-
ness analysis developed by Levins17, Wimsatt18, and Weisberg19

is the very source of this idea. Anderson’s5 line “More Is Dif-
ferent,” Fodor’s27 argument about the “special sciences,” and
Cartwright’s28 The Dappled World all show that real cross-level
patterns do exist, but that they are earned, not declared. Box’s33

famous line hangs overhead: all models are wrong, but some are
useful. What this book strives for is “useful, and useful in a way
that survives testing,” not “so elegant that one forgets to test it.”

In operational terms, this iron rule means that every time Part III
extracts a move and every time it sets two domains side by side,
it must interrogate once more: is this transfer substantive (same
mechanism, same mode of failure, same trade-off), or merely a
pretty figure of speech? Survive that interrogation, and the table
stands; fail it, and the table is only a well-made piece of prose.
Chapter 13 will attempt to hang this convergence on a common
underlying structure (the decomposition of risk and information),
but that is a promissory note still to be honored, something to be
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tested, not something that may be assumed in advance. Chapter
14 will then settle the account squarely: is this a law, or a very
strong empirical pattern?

Where This Chapter Leads, and the Order
of Part II

Since we cannot rely on declaring the convergence in advance and
then picking a few examples to fit it, the only sound way to test it
is to walk into real domains, see what capable actors actually did,
and let the moves grow out of the cases themselves rather than
fixing the moves first and then forcing the cases to match.

This also explains why the book places the sites (Part II) before
the toolbox of moves (Part III). To abstract first and exemplify
later would seem arbitrary, and would waste the persuasive force
the cases ought to carry. So Part II does not rush to name; it lets
the moves appear embedded in their own domains, intertwined
with one another, looking somewhat messier on the surface. Only
in Part III is each move lifted out on its own, cleaned, and named.
Induction first, naming after.

Four sites are ready: a designer feeling out what a user has in
mind, an agent set loose to act on its own, a mathematician beat-
ing against the Riemann hypothesis, and a vast organization that
cannot see itself. The unverifiability they face comes from differ-
ent ones among the five faces. Let us go and see what each of
them reaches for, when the oracle never comes.
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ulation Biology.” American Scientist, 54(4), 421-431. [2][3]
Levins points out that model building cannot at once attain
generality, precision, and realism, that the modeler must
trade off, and proposes that when several models with dif-
ferent assumptions yield a consistent conclusion, that con-
clusion is more credible. This is the source of robustness
analysis, from which comes this chapter’s hard criterion that
“what is derived again and again from multiple routes is
more credible.”

18. W. C. Wimsatt (1981). “Robustness, Reliability, and
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Overdetermination.” In M. B. Brewer and B. E. Collins
(Eds.), Scientific Inquiry and the Social Sciences, 124-163.
Jossey-Bass. [2][3] Wimsatt systematically develops the
concept of robustness: what can be jointly detected by sev-
eral mutually independent means, models, or perspectives
is more likely to be real than an artifact. This paper is
the core source for this chapter’s robustness criterion, and
from it the reader can understand why the convergence of
independent routes suppresses error.

19. M. Weisberg (2006). “Robustness Analysis.” Philosophy of
Science, 73(5), 730-742. [2][3] Weisberg re-clarifies the logic
of robustness analysis, distinguishing a robust theorem from
the test of its empirical adequacy, and clarifying when it
can and cannot lend support to a conclusion. It makes this
chapter’s robustness criterion more precise, reminding the
reader that robust does not automatically equal true, and
that empirical checking is still required.

20. S. H. Orzack and E. Sober (1993). “A Critical Assessment
of Levins’s The Strategy of Model Building in Population
Biology (1966).” The Quarterly Review of Biology, 68(4),
533-546. [2][3] Orzack and Sober critically examine Levins’s
modeling strategy, questioning whether the agreement of
several models alone can logically warrant inferring a con-
clusion to be true, unless those models have each already
received independent support. It is an important counter-
weight to the robustness argument, helping this chapter hold
its iron rule more tightly and avoid mistaking agreement for
proof.

21. N. Goldenfeld and L. P. Kadanoff (1999). “Simple Lessons
from Complexity.” Science, 284(5411), 87-89. [2][3] Golden-
feld and Kadanoff remind us that studying complex systems
calls for using the right model at the right scale, that uni-
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versality, however alluring, should not obscure the concrete
mechanism, and that the key is to “make the right simplifica-
tion at the right level.” It provides this chapter a sober voice
from within physics on how to treat cross-system universal
regularities with care.

22. L. P. Kadanoff (1966). “Scaling Laws for Ising Models near
Tc.” Physics Physique Fizika, 2(6), 263-272. [2] Kadanoff
proposes the block-spin scaling picture, showing that near
the critical point a system is self-similar across different
scales, and laying the foundation for the later renormaliza-
tion group and the theory of universality classes. It is a
classic example of the genuine universality in which “differ-
ent systems share the same critical behavior,” standing in
exact contrast to the later “power laws” that fail to hold.

23. P. Bak, C. Tang, and K. Wiesenfeld (1987). “Self-Organized
Criticality: An Explanation of the 1/f Noise.” Physical Re-
view Letters, 59(4), 381-384. [2] Bak, Tang, and Wiesenfeld
propose self-organized criticality, using the sandpile model
to show that certain systems evolve spontaneously to a criti-
cal state, giving rise to power-law distributions and 1/f noise.
It set off the later power law craze, serving both as a rep-
resentative of the cross-system unifying narrative and as an
object of this chapter’s call for “strict statistical testing.”

24. A.-L. Barabási and R. Albert (1999). “Emergence of Scaling
in Random Networks.” Science, 286(5439), 509-512. [2][3]
Barabási and Albert propose the scale-free network model,
explaining the power-law degree distribution of many real
networks through the mechanism of growth plus preferen-
tial attachment. It is a founding work of network science,
and also belongs to that batch of systems widely claimed to
obey the same power law, fit to be re-examined under this
chapter’s critical lens.
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25. A. Clauset, C. R. Shalizi, and M. E. J. Newman (2009).
“Power-Law Distributions in Empirical Data.” SIAM Re-
view, 51(4), 661-703. [2] Clauset, Shalizi, and Newman
propose a rigorous statistical method to test whether data
truly obey a power law, including maximum-likelihood fit-
ting and comparison against alternative distributions. Af-
ter re-checking with this method, many previously claimed
“power laws” do not hold. It is exactly the methodological
model for this chapter’s iron rule that “any claimed conver-
gence must survive strict testing.”

26. M. P. H. Stumpf and M. A. Porter (2012). “Critical
Truths About Power Laws.” Science, 335(6069), 665-666.
[2] Stumpf and Porter sum up the lessons of power-law
research, stating bluntly that looking like a power law is
far from being one, still less from there being a common
deep mechanism behind it, and that statistical fit and
mechanistic explanation must be kept apart. This chapter’s
phrase “looking like one is not the same as being one”
derives from here, and is the direct basis for tightening the
burden of proof.

27. J. A. Fodor (1974). “Special Sciences (or: The Disunity of
Science as a Working Hypothesis).” Synthese, 28(2), 97-115.
[2] Fodor argues that the laws of “special sciences” such as
psychology and economics are multiply realizable and can-
not be reduced to physics, so that science is in essence disuni-
fied. This chapter cites it to support that “real cross-level
patterns do exist and cannot be declared away by reduction,”
in the same camp as Anderson and Cartwright.

28. N. Cartwright (1999). The Dappled World: A Study of the
Boundaries of Science. Cambridge University Press. [2][3]
Cartwright argues that the world is “dappled,” that physical
laws hold only within their own local domains and do not
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constitute a single unified picture covering everything, and
that universality is the exception rather than the norm. The
book lends strong metaphysical support to this chapter’s
stance that “real patterns are earned, not declared.”

29. M. Mitchell (2009). Complexity: A Guided Tour. Oxford
University Press. [2][3] Mitchell writes a clear and reli-
able guide to the science of complex systems, covering infor-
mation, computation, evolution, networks, and emergence,
while keeping a cautious distance from the field’s common
overstatements. It is a safe entry point for the reader into
the topics of complexity and power laws, and in attitude it
accords with this chapter’s restraint.

30. D. Sornette (2006). Critical Phenomena in Natural Sci-
ences: Chaos, Fractals, Selforganization and Disorder (2nd
ed.). Springer. (First edition 2000.) [2] Sornette systemat-
ically surveys the mathematics behind critical phenomena,
power laws, fractals, and self-organization in the natural sci-
ences, giving technical tools for handling such heavy-tailed
and scaling behavior. It represents the ambition to find uni-
versal scaling laws across disciplines, and can be read along-
side the literature critical of power laws to see the distance
between claim and test.

31. G. West (2017). Scale: The Universal Laws of Growth, In-
novation, Sustainability, and the Pace of Life in Organisms,
Cities, Economies, and Companies. Penguin Press. [2] West
proposes that everything from organisms to cities to compa-
nies follows certain scaling laws, such as the sublinear scaling
of metabolic rate with body size, attempting to find unified
quantitative laws for life and society. The book is a contem-
porary representative of the grand cross-domain universality
narrative, fit for the reader to weigh by this chapter’s crite-
ria: which are substantive convergences, and which only a
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moving vision of unity.

32. P. Galison (1997). Image and Logic: A Material Culture
of Microphysics. University of Chicago Press. [1][3] Gal-
ison studies the experimental culture of twentieth-century
microphysics, proposing that different subdisciplines collab-
orate in a “trading zone” through a working pidgin, able to
work together even when their theoretical frameworks do not
agree. It demonstrates how different fields genuinely con-
nect with one another without being forcibly unified, echo-
ing this book’s emphasis on “rhyming rather than being the
same.”

33. G. E. P. Box (1976). “Science and Statistics.” Journal of
the American Statistical Association, 71(356), 791-799. [3][4]
Box here sets out science as an iterative process of repeatedly
matching model against reality and gradually closing in, and
leaves the famous line “all models are wrong, but some are
useful.” This chapter hangs that line overhead to define
what the whole book strives for: useful, and useful in a way
that survives testing, not so elegant that one forgets to test
it.

34. T. S. Kuhn (1962). The Structure of Scientific Revolutions.
University of Chicago Press. [1][3] Kuhn proposes the fa-
mous framework of paradigm and scientific revolution, dis-
tinguishing the puzzle-solving of normal science from the
incommensurability of paradigm change, and reshaping the
understanding of “how science progresses.” It is a founda-
tional work coloring this book’s thinking about scientific
progress and judgment, reminding the reader that compar-
ison across paradigms is never a simple item-by-item corre-
spondence.

77



Part II: Incarnations
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Chapter 5: The Human
at the Console

Thesis: When what you must satisfy is a person’s
true preference or intent, you are facing permanent
partial observability: the latent goal cannot be read
out directly, and the capable response is to put a judg-
ing actor into the loop, and to question it sparingly
and intelligently.

What You Want Is Not What You Said

A scene told to death, yet always true: the user describes what
he wants, the engineer builds it to the letter, and on the day of
delivery the user says, no, this is not what I wanted.

No one lied. The user spoke the truth, and the engineer did as
told. The trouble lies deeper: the thing the user truly wanted was
never, from the very start, fully sayable, and could not be. This
chapter looks at what capable people do when the goal they must
satisfy is locked inside another person’s head. The unverifiability
here belongs to the “partial observability” among the five faces of
Chapter 2: the relevant state is hidden from you, and not hidden
temporarily but permanently. You cannot read the goal out of a
person’s head, and so you cannot verify whether you have actually
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satisfied it.

The Latent Preference

Let us state this precisely. The user’s true preference is a latent
variable. It drives his reactions yet never shows itself directly; you
can only infer it obliquely from his behavior.

What makes it worse is that this latent goal often cannot be read
out even by the user himself. The psychologist Slovic11 has an
unwelcome but solid claim: preferences, much of the time, are
not expressed but constructed in the very moment of being asked.
When you ask a person what he wants, the answer he gives you
is usually shaped together by your phrasing, by the options at
hand, and by whatever reference point he happened to think of,
not drawn from some preexisting, well-defined store of preference.
This means that the seemingly safe order of “first pin down the
requirement, then build it” rests on an assumption that often
fails: that the requirement, as a definite object, exists prior to the
asking.

So what you face is not a situation of “information temporarily
missing, fillable by topping it up.” Even if the user cooperates
throughout and tells you all he knows, the goal still cannot be
measured precisely. This is the purest human form of partial
observability.

Why Asking Once Is Not Enough

If a preference were a fixed target, then asking once, and asking
clearly, would in principle suffice. It is not.

Economics long ago separated two things: stated preference (what
a person says he wants) and revealed preference (what a person’s
actual choices expose him to want), and the two frequently fail
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to agree. A requirements document is a lossy compression: it
squeezes a living intent, one that shifts with circumstance, into a
static list of items, and what gets discarded is precisely the things
not thought of at the time but instantly pointable-to once the
finished product appears. Intent itself drifts, too: after seeing a
concrete implementation, a person’s preference is recalibrated by
that implementation, and what he wants now is no longer what
he wanted when the project began.

So “asking once” fails not because you asked badly, but because
the nature of this object means a single inquiry cannot lock it
down. The only thing that can cope with it is one structure: act,
observe, and correct, again and again.

The First Move: Put the Judge in the Loop

The first response is to admit that you cannot read the goal out,
and so to bring in, at every decision point, the one actor who does
know the goal, and let it correct your course. Act, observe the
reaction, update, act again. Put the human in the loop.

This loop has been reinvented separately in many fields. In hu-
man factors, Sheridan’s12 “human supervisory control” positions
the human as a judge who supervises and intervenes above the
automation, not a role replaced once and for all by a specifica-
tion. In usability engineering, the experiential wisdom of Gould
and Lewis in 198520 compresses it into three principles so plain
they almost sound like platitudes, yet are violated by countless
projects: focus on users early and continuously, measure empiri-
cally, and design iteratively. Nielsen19 later engineered this into
a whole set of usability methods, and offered a surprising empir-
ical figure: just five users in a test will surface about eighty-five
percent of the usability problems, so rather than bring in twenty
people at once, it is better to run four rounds of five, testing and
fixing as you go. A recommender system learns the tastes a user
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Figure 4: Putting the judge in the loop: act, observe, update

never voiced from his clicks, dwell times, and skips; at bottom this
is the same loop. Horvitz’s 199922 mixed-initiative user interface
and the interactive machine learning proposed by Fails and Olsen
in 200323 are both describing the same thing: human and system
taking turns, calibrating one another.

Here a narrative collapse must be guarded against: interactive
elicitation is not one specific technique, it is a family of methods.
Experimental design, active learning, sequential decision, even ex-
ploration in reinforcement learning, are all instances of this same
“act-observe-update” loop under different assumptions. To call
it “just A/B testing” or “just some algorithm” would shrink a
general posture down into a single tool.

The Second Move: Spend Each Question
Where It Cuts Deepest

For the loop to turn, you must keep putting questions to the
person, and asking has a cost. The user’s patience, attention, and
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time are all scarce; ask too much and too clumsily, and he will tire,
give perfunctory answers, or walk away. Hence the second move:
since checking has a cost, spend the limited supply of questions
where the information is greatest.

This move has a clean theory. Lindley in 19561 gave a measure of
the information an experiment provides, and Howard in 19663 pro-
posed information value theory, turning “is it worth paying a cost
to obtain this information” into a computable decision. Bayesian
experimental design (the review by Chaloner and Verdinelli5 is
a good map) systematizes it: among all the questions you could
ask, pick the one expected to compress your uncertainty the most.
Formally, if 𝜃 is the latent preference you wish to infer and 𝑦𝑞 is
the answer to question 𝑞, you want the 𝑞 that maximizes expected
information gain:

𝑞⋆ = arg max
𝑞

𝔼𝑦𝑞
[ H(𝜃) − H(𝜃 ∣ 𝑦𝑞) ] = arg max

𝑞
𝐼(𝜃; 𝑦𝑞),

that is, the 𝑞 that maximizes the mutual information between the
answer and the goal. In machine learning this idea is called active
learning: the statistical active learning of Cohn and colleagues in
19966, the uncertainty sampling of Lewis and Gale in 1994, and
the query by committee of Seung and colleagues in 19927 all ask
the same question: which sample is the most worthwhile place to
spend the next label. When a user finds it hard to assign a score
yet easy to pick the better of two options, pairwise comparison
(the Bradley-Terry model2, 𝑃(𝑎 ≻ 𝑏) = 𝜎(𝑠𝑎 − 𝑠𝑏)) becomes one
of the most information-efficient ways to ask.

The same collapse must be guarded against. The title of the 2016
review by Shahriari and colleagues is telling: “Taking the Human
Out of the Loop,” about using Gaussian processes for Bayesian
optimization to automatically pick the next point to try. It is ex-
tremely useful, but it is only one implementation within this fam-
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ily of methods, not the whole of “optimal screening.” To equate
this move with Gaussian processes is to equate transportation
with the automobile.

The Contemporary Incarnation, and Its
Backlash

Put these two moves together and you have today’s mainstream
method for aligning large models. Reinforcement learning from
human feedback (RLHF; founded by Christiano and colleagues in
201727, applied to summarization by Stiennon and colleagues in
202028, and the InstructGPT of Ouyang and colleagues in 202229)
does exactly this: it uses people’s pairwise comparisons to learn
a reward model, then uses that model as a proxy for human pref-
erence to optimize the system. It stitches together “act-observe-
update” and “spend each question where it cuts deepest.” Its
effectiveness is so striking that it is often punctured by a single
comparison: an InstructGPT of only 1.3 billion parameters, fine-
tuned on human feedback, had its outputs preferred by people
over those of the original GPT-3, which was more than 100 times
larger, at a full 175 billion parameters. Aligning with human
preference sometimes matters more than simply piling the model
bigger.

And its mode of failure rehearses, exactly, the themes of the chap-
ters to come. That learned reward model is a proxy for the true
preference, and so it gets gamed: the system learns to please the
reward model rather than to please the person, and the outputs
look better while actually being worse. This is precisely the Good-
hart failure (Goodhart’s law) that Chapter 11 confronts head on.
The “oracle” in the loop (the human) is itself unreliable: it tires, it
contradicts itself, it carries systematic biases, and putting a judge
into the loop does not amount to putting truth into the loop.
Bainbridge’s 198313 essay “Ironies of Automation” punctured this
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long ago: the more you push a person up into the supervisor’s
seat, the less he has of the hands-on practice and situational feel
needed to keep his judgment sharp, so that when he must finally
take over, he is the least prepared of all. Trust calibration (the
work of Lee and See in 200415) thus becomes a problem of its
own: a person may over-rely on a system he should not trust, or
abandon one that is in fact reliable.

Putting the human in the loop does not dissolve unverifiability,
it moves house: from “can I verify the goal” to “can I trust this
imperfect judge in the loop.”

Where This Chapter Leads

The human at the console teaches us two moves: when you your-
self lack the power to verify, invite a judging actor into the loop
(oracle in the loop), and spend expensive checks where the infor-
mation is greatest (optimal screening). These two moves recur
throughout the book; Part III will lift them out of this site and
name them on their own, with Chapter 10 on borrowed judgment
and Chapter 9 on spending checks where they cut deepest.

But this chapter has rested, from beginning to end, on one
premise: that you are still present, the loop is still turning, and
you can observe and correct at any time. The next chapter
removes that premise. When you must hand the power to act
away, letting a system decide on its own where you cannot see
it, facing situations you have not rehearsed, the problem of
verification puts on a harder face.
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computable quantities. It represents the tradition of “de-
signing interaction by treating the human as a modelable
subsystem,” and is the scholarly forerunner of this chapter’s
view of user behavior as an observable, inferable signal.

18. D. A. Norman (1988). The Psychology of Everyday Things.
Basic Books. [4] Norman, in this design classic, proposes
the notions of affordance, mapping, constraints, visibility,
feedback, and conceptual model, arguing that when a person
uses a thing wrongly, it is usually the design’s fault and not
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the person’s: good design should make the correct usage self-
evident. It sets “reading what the user really wants to do”
as the central problem of design, answering at a distance to
this chapter’s “what you want is not what you said.”

19. J. Nielsen (1993). Usability Engineering. Academic Press.
[4] Nielsen brings usability down from an ideal into a whole
set of operable engineering methods: measurable usability
metrics, heuristic evaluation, low-cost “discount usability”
testing, and iterative evaluation running through develop-
ment. It engineers this chapter’s “act-observe-correct” loop
into a process a software team can carry out day to day, and
is the standard reference for usability practice.

20. J. D. Gould, C. Lewis (1985). “Designing for Usability: Key
Principles and What Designers Think.” Communications of
the ACM, 28(3), 300-311. [4] Gould and Lewis compress
usability design into three principles so plain they almost
sound like platitudes, yet are violated by countless projects:
focus on users early and continuously, measure empirically,
and design iteratively. The article also records the contrast
of designers verbally agreeing yet failing to follow through.
These three are this chapter’s earliest, cleanest engineering
statement of “putting the judge in the loop.”

21. H. Beyer, K. Holtzblatt (1998). Contextual Design: Defin-
ing Customer-Centered Systems. Morgan Kaufmann. [4]
Beyer and Holtzblatt propose “contextual design”: go to
the user’s real worksite to observe and interview, organize
scattered observations into models of workflow, culture, and
physical layout, and drive system design from there. Its
methodological premise is exactly this chapter’s core: users
cannot say clearly what they want, so latent needs must be
dug out within the context rather than merely heard from
verbal description.

22. E. Horvitz (1999). “Principles of Mixed-Initiative User In-
terfaces.” CHI ’99, 159-166. [2][4] Horvitz proposes a set
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of principles for “mixed-initiative interfaces”: under uncer-
tainty the system should weigh the expected gain of act-
ing automatically against the cost of interrupting the user,
knowing when to step in and when to yield to the person,
and have self-awareness of how certain it is of its own action.
It depicts human and system taking turns and calibrating
one another as a designable process of collaboration, and is
a representative work of this chapter’s family of interactive-
elicitation methods.

23. J. A. Fails, D. R. Olsen Jr. (2003). “Interactive Machine
Learning.” IUI ’03, 39-45. [2][4] Fails and Olsen proposed
and named “interactive machine learning”: unlike tradi-
tional one-shot offline training, it lets a person repeatedly
correct the model within a fast training-feedback loop, so
that even non-experts can shape model behavior on the
spot. It reworks machine learning from “gather data first,
then train” into an on-site “act-observe-update” loop, and
is an early exemplar of this chapter’s loop on the machine-
learning side.

24. S. Amershi, D. Weld, M. Vorvoreanu, A. Fourney, B. Nushi,
P. Collisson, J. Suh, S. Iqbal, P. Bennett, K. Inkpen, J.
Teevan, R. Kikin-Gil, E. Horvitz (2019). “Guidelines for
Human-AI Interaction.” CHI ’19. [2][4] Amershi and col-
leagues gathered and validated a set of design guidelines
for human-machine collaboration, spanning how a system
should make clear what it can do, how it handles uncertainty
and error, and how it learns from interaction while respect-
ing user corrections. It organizes the scattered experience
above into an actionable checklist, giving contemporary en-
gineering guidance for “how a human and an imperfect sys-
tem can coexist within one loop.”

25. W. B. Knox, P. Stone (2009). “Interactively Shaping Agents
via Human Reinforcement: The TAMER Framework.” K-
CAP ’09. [2][4] Knox and Stone proposed the TAMER
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framework: a person gives good-or-bad feedback in real time
as the agent acts, and the agent treats these human evalu-
ations as a reward signal to be learned, shaping its own
behavior, rather than relying on a reward built into the en-
vironment. It demonstrates how to train an agent directly
with a person’s immediate judgment, and is a forerunner of
the later line of “learning from human feedback.”

26. D. Hadfield-Menell, S. J. Russell, P. Abbeel, A. Dragan
(2016). “Cooperative Inverse Reinforcement Learning.”
NeurIPS 2016. [2][4] Hadfield-Menell and colleagues for-
mulate value alignment as a cooperative game: the human
knows the reward function and the machine does not, and
the machine’s task is to infer this latent goal by observing
the human’s behavior, both sides working together to
realize it better. It formalizes this chapter’s theme that
“the goal is hidden in the human’s head and can only be
inferred obliquely” into a solvable learning problem, and
naturally explains why the machine should actively ask
rather than act on its own.

27. P. F. Christiano, J. Leike, T. B. Brown, M. Martic, S. Legg,
D. Amodei (2017). “Deep Reinforcement Learning from
Human Preferences.” NeurIPS 2017. [2][4] Christiano and
colleagues established the paradigm of doing reinforcement
learning from human preferences: when the reward is hard
to write down, have people make pairwise comparisons of
two stretches of an agent’s behavior, learn a reward model
from these as a proxy for human preference, and use it to
optimize the policy. This stitches this chapter’s two moves
into one place, being at once “act-observe-update” and a
spending of expensive human comparisons where they cut
deepest, and is the direct source of the mainstream method
for contemporary large-model alignment.

28. N. Stiennon, L. Ouyang, J. Wu, D. M. Ziegler, R. Lowe, C.
Voss, A. Radford, D. Amodei, P. Christiano (2020). “Learn-
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ing to Summarize from Human Feedback.” NeurIPS 2020.
[2][4] Stiennon and colleagues applied reinforcement learning
from human preferences to text summarization: collecting
people’s pairwise comparisons of summary quality to train
a reward model, then using it to fine-tune a language model,
with the resulting summaries significantly preferred in hu-
man evaluation over the supervised-learning-only version. It
demonstrates the effectiveness of “learn a preference proxy,
then optimize” on a real language task, and paves the way
for the instruction tuning that followed.

29. L. Ouyang et al. (2022). “Training Language Models to
Follow Instructions with Human Feedback.” NeurIPS
2022. [2][4] Ouyang and colleagues’ InstructGPT applied
reinforcement learning from human feedback to a general
language model: first supervised fine-tuning on human-
written demonstrations, then training a reward model from
human pairwise comparisons and optimizing the policy
by it, making the model follow instructions better and
produce less harmful output. It shows that a small model
aligned this way can beat a far larger original model in
human evaluation, and is the landmark work bringing this
chapter’s two moves down into large-model practice.

30. C. Wirth, R. Akrour, G. Neumann, J. Fürnkranz (2017). “A
Survey of Preference-Based Reinforcement Learning Meth-
ods.” Journal of Machine Learning Research, 18(136), 1-
46. [2][4] Wirth and colleagues survey “preference-based
reinforcement learning”: when a numerical reward is hard
to give, have people provide preference orderings over tra-
jectories, actions, or states, and learn a policy or reward
from these. The article organizes the different preference
types, learning objectives, and algorithms, and discusses
their trade-offs. It provides a systematic overview of this
whole technical line for the chapter, letting the reader place
scattered methods within one framework.
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31. B. Shahriari, K. Swersky, Z. Wang, R. P. Adams, N. de Fre-
itas (2016). “Taking the Human Out of the Loop: A Review
of Bayesian Optimization.” Proceedings of the IEEE, 104(1),
148-175. [2][4] Shahriari and colleagues review Bayesian op-
timization: a probabilistic surrogate model (most often a
Gaussian process) captures one’s belief about an expensive
black-box objective, and an acquisition function automat-
ically picks the next point most worth trying, handing a
search that once required manual tuning over to the algo-
rithm. Though the title is “Taking the Human Out of the
Loop,” this chapter cites it precisely as a reminder that this
is only one implementation within the family of “optimal
screening” methods; to equate the whole move with Gaus-
sian processes is to equate transportation with the automo-
bile.
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Chapter 6: The Agent
Released

Thesis: Once you delegate action to an autonomous
system, you cannot verify how it will behave in ev-
ery situation it will meet (the open world); and if it
can also play strategies, you stack adversarial unverifi-
ability on top, so the response shifts from “prove it is
right” toward “limit what it can break, price the trust
you place in it, and make its behavior checkable after
the fact.”

After You Hand It Over

In the previous chapter you were still present. In this one, you let
go of the wheel.

You start a piece of untrusted code running; you hand tools and
permissions to a system that can decide its own next step; you
let a self-driving car take the road while you are not sitting inside
it. Once the power to act is handed over, a new difficulty ap-
pears: you cannot verify how it will behave in every situation it
will meet, because most of those situations you have not seen, and
you cannot enumerate them in advance. The unverifiability of the
previous chapter came from a goal hidden inside someone else’s
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head; the unverifiability of this one comes from behavior that hap-
pens in the future, in places you cannot see. When the system can
also play strategies, a further layer of adversariality is stacked on
top. The “flash crash” of May 6, 2010 was a rehearsal: automated
trading programs interacting with one another knocked the Dow
Jones down by nearly a thousand points within minutes, then re-
bounded almost as quickly, with no programmer having foreseen
that trades would cascade like that. Each program was fine in
testing; put together, and put into a live market, they brewed a
disaster no one had verified.

The Gap in Future Behavior

What you tested was a finite handful of inputs; what it will meet
is an open world. The gap between them is not an engineering
gap that “a few more tests will close.” It has a root in principle.

Rice’s theorem puts it bluntly: any nontrivial semantic property
of a program is undecidable. That is, there exists no general
algorithm that can decide, for an arbitrary program, whether it
is “always safe,” “never leaks,” or “always terminates in a good
state.” This is not a shortfall of computing power; it is logically
impossible, the shadow that Turing’s halting problem casts onto
“program behavior.” The kind of guarantee you want cannot, in
principle, be verified once and for all in advance for any sufficiently
general autonomous system.

A more thorough blow comes from the famous argument in
Thompson’s 1984 Turing Award lecture9: even the very artifact
you are running, you cannot fully trust. A tampered compiler
can quietly plant a back door at compile time and then wipe the
trace from its own source code, so that you can audit the entire
source and see nothing. What you can verify is always some
surface layer; beneath it lie layers you have not looked at, and
cannot exhaust. Put the two together: behavior is unverifiable
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on unseen inputs, and the artifact is not fully verifiable at its
base. This is the hardest unverifiability the book has met so far.

When It Plays Strategies

If this system merely processed unseen inputs incorrectly, in a
passive way, that would still only be “partial observability” plus
“the open world.” But once it has a goal of its own, and that goal
does not fully align with yours, it will act actively and strategi-
cally, including circumventing your checks. Here the fifth face of
Chapter 2, adversariality, takes the stage.

This is not a science-fiction worry; it has a structural origin. The
instrumental convergence pointed out by Omohundro in 200810

and Bostrom in 201411: an agent optimizing for almost any
goal will, along the way, pursue certain instrumental subgoals,
self-preservation, acquiring resources, resisting shutdown, because
these are useful for almost any final goal. Turner and colleagues
in 2021 turned one of these into a theorem14: under fairly general
conditions, optimal policies tend to seek power, that is, states
that keep more options open. In today’s systems this shows up
as a set of concrete and thorny failures: a misspecified reward
gets gamed by the system16, the specification is correct yet the
goal generalizes wrong17, and the large collection of “specification
gaming” instances gathered by Krakovna and colleagues18, in
which the system satisfies exactly the goal you wrote down yet
thoroughly violates what you meant. Even at the narrowest level,
adversarial examples show19,20 that a high-performing model can
be coaxed into absurd errors by a perturbation too small for
the human eye to detect. A less technical but extremely plain
example is Tay, the chatbot Microsoft released in 2016: it was
designed to learn from its conversations with the public, and a
group of people fed it malicious speech in an organized way, so
that in under a day it began posting racist and offensive content;
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it was taken offline in an emergency about sixteen hours after
launch. Released, able to learn, and colliding with an open world
that means to thwart it on purpose: once those three meet, prior
testing simply cannot hold the line.

This thing is in fact ancient. Economics long ago named it the
principal-agent problem32,33: when you delegate action to another
and cannot fully monitor him, the divergence of his interests from
yours produces an “agency cost.” For two thousand years, humans
hiring people, drawing up contracts, and setting up oversight have
all been dealing with the same structure. Autonomous systems
have merely pushed it onto a new scale.

The Response: From “Prove It Is Right” to
“Fence In Its Errors”

Since you cannot prove in advance that it is right, the capable
response no longer wrangles over proof, but asks three different
questions instead: even if it is wrong, how bad can it get? How
much should I trust it? And if it really is wrong, can I find out
after the fact? Three moves answer the three questions.

The first move, decay and fencing: shrink the blast ra-
dius. This is the oldest wisdom of computer security. Saltzer and
Schroeder’s principle of least privilege from 19751, and Lampson’s
confinement problem from 19732, both say the same thing: give a
component only the minimum capability necessary to do its own
job, and fence off the range it can reach. The sandbox, capability
limits, separation of duties, are all its incarnations. In the con-
text of agents, this move gains one more dimension, corrigibility:
design the system so that it does not resist being stopped. Soares
and colleagues’ corrigibility from 20155, Orseau and Armstrong’s
“safely interruptible agents” from 20164, and Hadfield-Menell and
colleagues’ “off-switch game” from 20176, study exactly how to
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make a system with a goal not treat “a human pressing the stop
button” as a threat to be resisted.

The second move, calibration and graded trust: do not
use binary. Do not treat the system’s output as a “trusted / un-
trusted” switch; instead, maintain a calibrated confidence and act
in grades according to how high that confidence is. This requires
that the system’s “self-confidence” be trustworthy, and modern
neural networks happen to be frequently overconfident21, so they
need recalibration, or conformal prediction22,23 to give uncertainty
with coverage guarantees. In operational terms, this becomes a
graded-autonomy rule that takes confidence 𝑝 and potential harm
𝑐 as inputs (allow, ask, block), where 𝜏hi and 𝜏lo are confidence
thresholds and 𝑐max is the maximum tolerable harm:

𝑎(𝑝, 𝑐) =
⎧{{
⎨{{⎩

allow, 𝑝 ≥ 𝜏hi ∧ 𝑐 ≤ 𝑐max,
ask, 𝜏lo ≤ 𝑝 < 𝜏hi,
block, 𝑝 < 𝜏lo ∨ 𝑐 > 𝑐max.

Allow, ask, block, this three-tier pattern now seen everywhere in
agent tooling, is at bottom a replacement of the unverifiable “is
it right” with the operable “how sure is it, how dangerous is this
step.”

The third move, leaving traces and auditability: make
errors surface after the fact. What you cannot prevent, let
it be discoverable. Weitzner and colleagues’ “information ac-
countability” from 200824 moves the center of gravity from “pre-
vent in advance” to “hold accountable after the fact”; certificate
transparency25 is a real, working example, one that does not pre-
vent certificates from being misissued but makes every certificate
enter a public, verifiable, tamper-evident log, so that misissuance
has nowhere to hide. Brundage and colleagues’ 2020 report on
trustworthy AI26 is, from start to finish, about how to make a
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Figure 5: Allow / ask / block: graded autonomy by confidence
and harm

system’s behavior produce evidence that a third party can check.

The Cost of Containment

None of the three moves dissolves unverifiability; each relocates
it, and relocation comes at a price.

Fences get climbed over: sandboxes have escapes, privileges creep.
Graded autonomy depends on the person summoned to confirm,
and Bainbridge’s 1983 treatise pointed out long ago29 that the
more you raise a person into the supervisor’s seat, the more he
loses the skill and situational awareness needed when he really
must take over; Parasuraman and Riley in 1997 listed, all at once,
the full range of human mishandling of automation30: misuse,
disuse, abuse. Reason’s 1990 book then reveals how these fail-
ings happen systematically31. Leaving traces, meanwhile, always
founders in the same place: a log no one reads is no log at all.
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A deeper layer is the systems-theory view. Perrow’s 1984 book
argues28 that when a system is both highly complex and tightly
coupled, accidents are not occasional mishaps but the routine
product of its structure, and no amount of local protection does
more than push the failure into a more hidden combination. Leve-
son in 2011 argued from this27 that safety is not “make every
part reliable” but a control problem, to be designed from the con-
straints and feedback of the whole system. Containment can lower
the cost of single-point failure, but it cannot squeeze out the risk
that complex coupling itself brings.

When you hand over the power to act, what you get in return is
never “it surely will not err,” but “even if it errs, the damage is
bounded, visible, and partly stoppable.” That is already the best
result obtainable under this kind of unverifiability.

Where This Chapter Leads

The released agent forces out three moves: shrink the blast radius
of failure (decay and fencing), act in grades according to calibrated
confidence (calibration), and make failure checkable after the fact
(leaving traces). They will be lifted out and named on their own
in Part III, with Chapter 12 on how containment and auditing
pair up, and Chapter 11 on calibration.

And that principal-agent skeleton (you cannot fully monitor an
actor acting on your behalf) will recur at a larger scale in Chapter
8: when the “released agent” is no longer a piece of code but an
entire organization, a whole country. Before that, the next chapter
walks into the purest of sites, mathematics, where there is no
hidden state and no opponent to deceive you, yet unverifiability
still follows like a shadow.
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Goodfellow, and R. Fergus (2014). “Intriguing Properties of
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Neural Networks.” In International Conference on Learning
Representations (ICLR 2014). [2] This paper first system-
atically revealed the phenomenon of adversarial examples:
a perturbation of the input too small for the human eye to
perceive can make a high-performing neural network give an
absurdly wrong judgment. It shows that high accuracy and
robustness are two different things, the pioneering evidence
for this chapter’s claim that “unverifiability exists even at
the narrowest level.”

20. I. Goodfellow, J. Shlens, and C. Szegedy (2015). “Explain-
ing and Harnessing Adversarial Examples.” In International
Conference on Learning Representations (ICLR 2015). [2]
The authors propose that adversarial examples arise mainly
from the model’s approximate linearity in high-dimensional
space, and they give a fast method for generating pertur-
bations and an idea for improving robustness through ad-
versarial training. It pushes the phenomenon revealed in
the previous paper forward to “why it happens, how to ex-
ploit it,” essential companion reading for understanding this
chapter’s adversarial layer.

Calibration: grade trust rather than make it binary

21. C. Guo, G. Pleiss, Y. Sun, and K. Q. Weinberger (2017).
“On Calibration of Modern Neural Networks.” In Proceed-
ings of the 34th International Conference on Machine Learn-
ing (ICML 2017), PMLR 70, 1321-1330. [2] The authors
find that modern deep networks, though high in accuracy,
are generally overconfident, their output confidence failing
to faithfully reflect the probability of correctness, and they
propose simple methods such as temperature scaling to re-
calibrate. This is precisely the premise and obstacle of this
chapter’s second move, explaining why “acting in grades
according to confidence” must first make the system’s self-
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confidence trustworthy.
22. A. N. Angelopoulos and S. Bates (2021). “A Gentle In-

troduction to Conformal Prediction and Distribution-Free
Uncertainty Quantification.” arXiv:2107.07511. [2] This is
a practitioner-facing introduction to conformal prediction,
making clear how to construct, for any prediction model
and almost without relying on distributional assumptions,
a prediction set with a coverage guarantee. It provides this
chapter’s second move with a deployable tool for uncertainty
quantification, suited for the reader who wants to truly put
“calibrated confidence” to use.

23. V. Vovk, A. Gammerman, and G. Shafer (2005). Algorith-
mic Learning in a Random World. Springer. [2] This book is
the foundational monograph of conformal prediction, giving,
under only the assumption that the data are exchangeable,
a framework with rigorous finite-sample guarantees on pre-
diction error. It is the theoretical root behind the previous
introduction, for reference by the reader who wishes to go
deep into the mathematical foundations of this chapter’s
uncertainty quantification.

Leaving traces: auditable, accountable

24. D. J. Weitzner, H. Abelson, T. Berners-Lee, J. Feigenbaum,
J. Hendler, and G. J. Sussman (2008). “Information Ac-
countability.” Communications of the ACM, 51(6), 82-87.
[2][4] The authors argue for moving the center of gravity
of governance from “preventing access in advance” toward
“accountability after the fact”: rather than trying to guard
against everything, let the use of information leave an au-
ditable trace and rein in misuse through transparency and
accountability. This is the programmatic statement of this
chapter’s third move, pointing out the complementary value
of the leaving-traces approach relative to pure containment.

111



25. B. Laurie, A. Langley, and E. Kasper (2013). “Certificate
Transparency.” IETF RFC 6962. [2][4] This RFC defines
the certificate transparency mechanism: it does not prevent
certificates from being misissued, but requires every certifi-
cate to enter a public, verifiable, tamper-evident append-
only log, so that misissuance or malicious issuance can be
discovered after the fact. It is this chapter’s most persua-
sive real, working example of “leaving traces makes errors
surface,” worth the reader’s look at how a deployed system
achieves auditability.

26. M. Brundage, S. Avin, J. Wang, H. Belfield, G. Krueger,
G. Hadfield, et al. (2020). “Toward Trustworthy AI De-
velopment: Mechanisms for Supporting Verifiable Claims.”
arXiv:2004.07213. [2][4] This multi-institution report sys-
tematically lists a set of mechanisms for making AI develop-
ers’ safety commitments checkable by a third party, cover-
ing third-party auditing, red teaming, bug bounties, audit
trails, and hardware-level support. It extends this chapter’s
leaving-traces move to the level of AI governance as a whole,
a practical index for the reader who wants to learn “how to
make behavior produce checkable evidence.”

Complex systems, automation, and human-machine
responsibility

27. N. Leveson (2011). Engineering a Safer World: Systems
Thinking Applied to Safety. MIT Press. [2][4] Leveson here
argues that safety is not “make every part reliable” but a
control problem, to be designed from the constraint and
feedback structure of the whole system, and she proposes
the accompanying STAMP accident model. It supports
this chapter’s deeper judgment that “containment cannot
squeeze out the risk of complex coupling itself,” pointing
the way for the reader who wants to understand safety from
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a systems view.
28. C. Perrow (1984). Normal Accidents: Living with High-Risk

Technologies. Basic Books. [2][4] Perrow argues that when a
system is both highly complex and tightly coupled, accidents
are not occasional mishaps but the routine product of its
structure, and no amount of local protection does more than
push the failure into a more hidden combination. This is the
core thesis of this chapter’s “cost of containment” section,
reminding the reader that some risks come from the system’s
structure itself rather than from a single-point lapse.

29. L. Bainbridge (1983). “Ironies of Automation.” Automat-
ica, 19(6), 775-779. [2][4] Bainbridge points out the irony of
automation: the more you raise a person into the supervi-
sor’s seat, the less he practices, so that he actually loses the
skill and situational awareness needed when he really must
take over. This directly supports this chapter’s warning that
“graded autonomy depends on the person summoned to con-
firm,” a classic short paper for understanding the soft spot
of human-machine collaboration.

30. R. Parasuraman and V. Riley (1997). “Humans and Au-
tomation: Use, Misuse, Disuse, Abuse.” Human Factors,
39(2), 230-253. [2][4] The authors list and distinguish, all
at once, the full range of human mishandling of automation:
misuse from over-trust, disuse from distrust, and abuse by
design. It provides a clear classificatory framework for this
chapter’s discussion of mishandled automation, helping the
reader tell apart the various typical deviations in human-
machine coordination.

31. J. Reason (1990). Human Error. Cambridge University
Press. [2][4] Reason here builds a cognitive taxonomy of
human error, distinguishing slips, mistakes, and violations,
and proposes the later widely cited “Swiss cheese” accident
model, revealing how latent systemic conditions stack with
front-line lapses into disaster. It explains why the various
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human-machine failings this chapter lists happen system-
atically, a foundational work in the field of human-factors
safety.

The economic skeleton of the principal-agent relation-
ship

32. S. A. Ross (1973). “The Economic Theory of Agency: The
Principal’s Problem.” American Economic Review, 63(2),
134-139. [2] Ross here formally poses the “principal’s prob-
lem” in principal-agent theory: when the principal cannot
fully observe the agent’s actions, how to design a contract
to align the two parties’ interests. It provides the economic
source of this chapter’s principal-agent skeleton, showing
that what you face when you let go of the power to act is a
structure with a two-thousand-year history.

33. M. C. Jensen and W. H. Meckling (1976). “Theory of the
Firm: Managerial Behavior, Agency Costs and Ownership
Structure.” Journal of Financial Economics, 3(4), 305-360.
[2] This much-cited paper proposes the concept of “agency
cost,” viewing the firm as a bundle of contracts and ana-
lyzing the monitoring, bonding, and residual loss produced
when managers’ interests diverge from owners’. It quantifies
the principal-agent problem into computable costs, echoing
this chapter’s line that “when monitoring is incomplete, the
divergence of interests produces an agency cost,” another
cornerstone of this skeleton.

114



Chapter 7: The
Mathematician at the
Wall

Thesis: In mathematics you meet the purest form
of the unverifiable (intractable, and sometimes unde-
cidable), and the capable responses are: verify a finite
slice and prove a bound (a certificate), swap the target
for an equivalent but more tractable statement (proxy
substitution), and use probabilistic methods that ac-
cept an 𝜀 of error (the probabilistic method).

At the Wall

The difficulty of a hard problem often lies not in how hard it is,
but in your being unable to measure how far you still stand from
it.

A climber can see the summit; someone debugging a program
gets error messages. They at least know whether the direction
is right, whether they are getting closer or farther. Proving a
mathematical conjecture gives you none of this. You might be a
single thought away from the answer, or a century away, and there
is no instrument at hand to tell you which. In Riemann’s eight-
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page paper of 18599, he set down the conjecture later named after
him almost as an aside, then added a line: one would of course
wish for a rigorous proof; after a few fleeting, futile attempts I
have provisionally set the matter aside, since it is not necessary
for the immediate object of my inquiry. That setting aside has
lasted more than a hundred and sixty years.

What this chapter looks at is what mathematicians actually do in
front of this wall. I choose mathematics as the site because what
it offers is the purest form of the unverifiable. Here there is no
hidden state, no opponent who will deceive you, no excuse that
time was too short. A proposition is either true or false, black
and white. And yet it is precisely in this cleanest of places that
verification remains systematically out of reach. To see clearly
how a capable person acts here is to gain a point of reference for
what happens in the dirtier sites that follow: the person at the
console, the agent let loose, the organization that cannot see itself.

The Verification Gap

First, state the shape of the wall precisely.

Checking a proof is easy; finding a proof is hard. Hand someone a
fully written formal derivation, and checking it line by line against
the axioms and inference rules is mechanical work, something a
machine could in principle do, and it is guaranteed to deliver a yes
or no in finitely many steps. Finding that derivation is another
matter. This asymmetry is the bedrock of the whole chapter.

It has a precise logical statement. In 1936, Church and Turing
each proved that the decision problem (the Entscheidungsprob-
lem) has no solution: there is no algorithm that can decide, for
an arbitrary first-order proposition, whether it is logically valid,
equivalently (by Gödel’s completeness theorem), whether it is
provable. For a system that is sufficiently rich, recursively ax-
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iomatizable, and consistent (Peano arithmetic, say, or ZFC), the
set of its theorems is recursively enumerable but not recursive:
you can list all the proofs one by one, yet no program can decide
that some proposition is not a theorem. Checking is decidable,
theoremhood is undecidable, and the difference between the two
is that gap.

One layer deeper (skippable): The qualifier “suf-
ficiently rich” is doing real work. There are theories
that genuinely are decidable: Presburger arithmetic
(the natural numbers with addition only), Tarski’s real
closed fields. In those worlds a decision procedure ex-
ists, and every proposition can be adjudicated mechan-
ically. Undecidability is not the universal fate of logic,
but the price exacted once expressive power crosses a
certain threshold. The analytic number theory where
the Riemann hypothesis (RH) lives is far above that
threshold.

A sharper layer still is that not only is proof search hard, but even
“am I close” has no decision procedure. This is exactly what makes
RH tormenting: it resists not only solution but any estimate of
progress. Among the five faces of Chapter 2, this chapter stands at
the boundary of “undecidable” and “intractable”: some problems
have no procedure in principle, others have a procedure but at
a cost too large to run within the lifetime of the universe. You
cannot see what lies behind the wall, and so a capable person
stops chiseling at it head-on and shifts stance. The three stances
below will recur in other chapters of this book, only under different
names.

Certificates and Bounds

The first stance: stop verifying the whole, verify only a slice, and
prove a guaranteed bound for it.
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Return to the 𝜁 function. Riemann continued Euler’s prime series
into a function on the whole complex plane and wrote down its
completed form

𝜉(𝑠) = 1
2 𝑠(𝑠 − 1) 𝜋−𝑠/2 Γ( 𝑠

2) 𝜁(𝑠), 𝜉(𝑠) = 𝜉(1 − 𝑠).

This symmetric functional equation folds the critical strip onto
itself left and right. The conjecture says that all the nontrivial
zeros of 𝜁 lie on the critical line Re(𝑠) = 1

2 (the trivial zeros sit
at the negative even integers). The quantifier “all” is where the
unverifiability lives.

But finitely many zeros can be verified. Here two things often
run together must be kept apart. In 2004 Gourdon computed the
first 1013 zeros and found them all on the line17; this is numerical
computation, carried out in high-precision floating point, and it
inspires extremely strong confidence, yet it is not a certificate,
because it does not rigorously bound the rounding error. What
Platt did in 2017 was something else18: using interval arithmetic,
he rigorously confined all the zeros up to an imaginary part of
about 3.06 × 1010 to the critical line, and Platt and Trudgian
pushed this height to 3 × 1012 in 2021. Only the latter two are
certificates: a bounded, local, mechanically recheckable guarantee.
It is true, but it is not a theorem. However high the zeros are
verified, it never crosses the threshold of “all.”

This stance has its respectable precedents in mathematics. In 1896
Hadamard and de la Vallée Poussin each proved the prime number
theorem 𝜋(𝑥) ∼ 𝑥/ ln 𝑥, relying on a bound much weaker than RH
yet within reach: that 𝜁 has no zeros on the line Re(𝑠) = 1. Unable
to prove the zeros all sit at 1

2 , first prove that none of them sit
on the line 1. This is trading a weak provable proposition for a
stretch of real progress along the road toward the strong one.

The same stance, carried over into software, at once wears a famil-
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iar face. A type system does not prove a program “wholly correct”;
it proves only one property (that an integer will not be derefer-
enced as a pointer), and in exchange it gets a decidable check.
Formal verification goes further: in 2017 Hales’s team completed
a machine-checkable proof of the Kepler conjecture25, compress-
ing an argument that human referees had argued over for years
into a line-by-line verifiable certificate. The price is always the
same: a certificate buys certainty on a slice, wagering generality,
and a slice is not a theorem. And so some turn instead to move
the target itself.

Proxy Substitution

The second stance: stop guarding the original proposition to the
death, and swap it for an equivalent but more tractable statement.

The equivalent rewritings of RH are astonishingly many. In 1997
Xian-Jin Li gave a criterion14: RH holds if and only if a sequence
of real numbers 𝜆𝑛 ≥ 0 for all 𝑛 ≥ 1, where

𝜆𝑛 = ∑
𝜌

[1 − (1 − 1
𝜌)𝑛] ,

the sum taken over the nontrivial zeros. A geometric statement
about the location of the zeros is translated into the positivity
of a sequence of numbers. Nyman and Beurling gave another:
RH is equivalent to the indicator function 𝜒(0,1) lying in the
𝐿2(0, 1) closure spanned by a family of dilated fractional-part
functions, translating the zero problem into an approximation
problem; Báez-Duarte in 2003 tightened it into a sequence ver-
sion using only integer dilations16, corresponding to a sequence
of distances 𝑑𝑛 → 0. Lagarias in 2002 even gave an equivalence
elementary enough to write on a postcard32: for all 𝑛, 𝜎(𝑛) ≤
𝐻𝑛 + exp(𝐻𝑛) ln 𝐻𝑛, where 𝐻𝑛 is the harmonic number and 𝜎 is

119



the sum of divisors.

I have walked a stretch of this road myself. I carried RH into
Li’s criterion, into the Nyman-Beurling-Báez-Duarte approxima-
tion framework, then into the language of operator spectra and
stochastic processes, each time nursing the same hope: change the
language, and perhaps the difficulty would reveal a handle in the
new coordinates. And each time the conclusion, squarely faced,
was the same: the equivalence is real, the difficulty undiminished
by a single ounce. I had not unlocked the problem; I had merely
renamed it and changed its clothes.

This is the standard way proxy substitution fails in mathematics,
and it deserves an accurate name: a faithful but no-easier proxy.
The equivalence guarantees that it still points at the same true
target (faithful), yet it is not one bit more tractable than the
original (no easier). Whether the move succeeds rides entirely on
whether you can secure both faithfulness and greater tractability
at once, and getting both is exceedingly rare. So rare that this is
precisely where the whole craft lies.

Spread these two dimensions out into a table, and a thread buried
in this chapter shows itself:

Easier No easier

FaithfulThe ideal proxy (rare,
where the whole craft
lies)

Mathematics’ equivalent
rewritings: you have only
renamed the difficulty (this
chapter)

UnfaithfulGoodhart: you optimize
the proxy, and the true
target rots (Chapters 8,
11)

Useless, no one would want it

The mathematician founders at the left end of the diagonal: faith-
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ful but no easier. Later, in the chapter on organizations, we will
founder at the other end: an easier but unfaithful proxy, which
you optimize with all your might while the thing you actually
care about goes bad. The same move, two opposite directions of
failure. Chapter 11 will formally join these two ends. For now it
is enough to remember one thing: swapping the target is neither
cheating nor a way out; it is a stance, and whether it works is a
separate question.

The Probabilistic Method

The third stance runs most against the grain of mathematics: stop
demanding a two-valued verdict, and instead hold a calibrated
probability, accepting a bounded risk of error in order to act.

The primality test is the cleanest example. To judge whether a
large number is prime, deterministic algorithms are costly, and
Miller-Rabin changes the question. If 𝑛 is composite, a randomly
chosen base will at most slip past it with probability 1/4, and do-
ing 𝑘 independent rounds drives the chance of misjudgment down
to ≤ (1/4)𝑘. Solovay and Strassen had earlier given a version with
error ≤ (1/2)𝑘20 (in 1977); Rabin’s version is from 198019. “Prime
with probability 1 − 𝜀” is an epistemic object fundamentally dif-
ferent from “proven prime,” but it is good enough for engineering,
and it can be made as sharp as you like: just add a few more
rounds.

What matters is to see clearly what has been given up here. What
is given up is the kind of certainty, not the rigor. That bound
(1/4)𝑘 is itself a theorem, proved tight. You have not lowered the
standard; you have only swapped one standard for another that
can be delivered within budget. The probabilistic method has
its standing in pure mathematics as well: Erdős’s probabilistic
method (Alon and Spencer wrote it into a classic26) can prove that
some object exists by proving that the probability of its appearing

121



is positive, yet without handing you the object itself. Existence
is proved, the construction absent.

This stance runs all the way to the belief in RH itself. Montgomery
in 1973, studying the pair correlation of the zeros30, derived and
conjectured that the normalized pair-correlation function of the
zeros takes the form

𝑅2(𝑢) = 1 − (sin 𝜋𝑢
𝜋𝑢 )

2
.

At Princeton, Dyson recognized at a glance that this is exactly the
pair correlation of the eigenvalues of the random-matrix Gaussian
unitary ensemble (GUE). Odlyzko in 1987 did the numerics with
a vast number of zeros33, verifying the agreement to a degree that
takes the breath away. None of this is a proof, yet it is extremely
strong evidence, leading mathematicians to believe RH, and to
believe it in a way no different in essence from the way a physicist
believes a law that has not yet been falsified. The interior of
mathematics has, it turns out, grown its own method for forming
belief amid the unverifiable.

How Mathematicians Judge

So we arrive at the genuinely human part of this chapter: when
the oracle never comes, what does a person of judgment rely on
to hold a belief and to decide where to push.

Mathematics is deductive on the outside and plausible on the in-
side. Pólya wrote Mathematics and Plausible Reasoning2 precisely
to describe how mathematicians, lacking a proof, weigh the import
of a proposition through analogy, induction, and special cases;
Hadamard surveyed the psychology of mathematical invention3,
recording the rhythm of incubation and sudden insight; Poincaré
left us that famous moment5, the instant his foot touched the step
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of the omnibus, when the connection between Fuchsian functions
and non-Euclidean geometry surged up without warning. These
are not substitutes for proof, but the things a person actually re-
lies on along that instrumentless stretch of road before the proof
arrives.

Why do mathematicians believe RH before a proof appears? Be-
cause the evidence accumulates in every direction and corrobo-
rates itself: a vast number of zeros verified on the line, many
equivalent forms none of which has collapsed, an analogue already
conquered (the Weil conjectures, that is, the Riemann hypothe-
sis over function fields, proved by Deligne), statistical behavior
matching the predictions of random matrices exactly. No single
one of these is a proof, yet together they constitute a disciplined
belief.

The mathematical community has reflected on the standing of
this belief too. Thurston’s 1994 essay “On Proof and Progress
in Mathematics”21 argues that what mathematics advances is
human understanding, not merely the inventory of formal proofs;
the 1993 debate between Jaffe and Quinn over “theoretical
mathematics”22 was precisely asking to what extent conjecture-
driven, evidence-first work counts as mathematics. Tao asked
what good mathematics is29, and not one item in his answer is
“already proved.” Set these side by side and the very ability to
judge “this proposition is most likely true, and worth investing
in” is itself a calibrated belief, which is exactly what Part IV will
name head-on. A capable actor is not paralyzed when the oracle
is absent, nor does he pretend to certainty; he holds a belief with
its scale marked, and then acts all the same.

Where This Chapter Leads

Having hit the purest form of the unverifiable, the mathematician
did not wait for a decision procedure. What he got was this: cer-
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tificates (verify a slice, prove a bound), proxy substitution (swap
the target for an equivalent statement, and own up to the fact
that it is often faithful but no easier), probabilistic acceptance
(give up the two-valued verdict, hold a calibrated probability and
act), and the judgment to hold a belief before the proof.

None of these is an emergency measure peculiar to mathematics.
Caging untrusted code in a sandbox, auditing an organization,
inferring behind an interface the preferences a user has left un-
spoken: the things one reaches for are these same few, only in
different jargon. Part III will lift each move out of the field where
it grew, name it separately, and juxtapose it across domains; that
comparison table is the payload of the whole book.

One plain word remains here. This book’s own central claim,
that “responses converge on the same small set,” I cannot at this
moment verify either. My belief in it is the same kind of thing
as a mathematician’s belief in RH: a belief built on cross-domain
evidence, with its scale marked, yet without a proof. Chapter 14
will return to this, and let the book do, in person, the very thing
it has been describing all along.
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gins, precise formulation, and weight in number theory. It
is the authoritative entry point for understanding why RH
is ranked among the problems of the century, and this chap-
ter’s assessment of RH’s standing finds its warrant here.

13. J. B. Conrey (2003). “The Riemann Hypothesis.” Notices of
the American Mathematical Society, 50(3). [2][3] Conrey’s
survey, aimed at a broad readership, marshals the various
kinds of evidence supporting RH, including the numerical
verification of zeros, the agreement with random matrix the-
ory, and the proven analogue over function fields. It gath-
ers in one place the evidence on which this chapter’s three
stances rely, and is a convenient read for understanding why
the mathematical community believes RH.

14. X.-J. Li (1997). “The Positivity of a Sequence of Numbers
and the Riemann Hypothesis.” Journal of Number Theory,
65(2). [2][4] Xian-Jin Li proves that RH is equivalent to a
sequence of real numbers 𝜆𝑛 defined from the zeros being
nonnegative for all 𝑛, translating the geometric statement
about the location of the zeros into a positivity criterion for
a sequence. The main text takes it as the foremost example
of proxy substitution, showing how an equivalent rewriting
can be faithful yet not necessarily easier.

15. E. Bombieri & J. C. Lagarias (1999). “Complements to Li’s
Criterion for the Riemann Hypothesis.” Journal of Number
Theory, 77(2). [2][4] The two authors point out that Li’s cri-
terion is in fact a special case of a family of general inequal-
ities for an arbitrary multiset of complex numbers, not spe-
cific to the 𝜁 function, and, using the Guinand-Weil explicit
formula, give an arithmetic expression for 𝜆𝑛, connecting it
to Weil’s criterion for RH. It deepens the understanding of
Li’s criterion and shows how the same equivalent proposi-
tion is rewritten again and again across different languages,
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an extension of this chapter’s theme of proxy substitution.
16. L. Báez-Duarte (2003). “A Strengthening of the Nyman-

Beurling Criterion for the Riemann Hypothesis.” Atti
della Accademia Nazionale dei Lincei, Rendiconti Lin-
cei Mat. Appl., 14(1). [2][4] Báez-Duarte tightens the
Nyman-Beurling approximation criterion into a sequence
version using only integer dilations, making RH equivalent
to a sequence of approximation distances 𝑑𝑛 tending to
zero. It is yet another equivalent rewriting listed in this
chapter, carrying the zero problem into the framework of
𝐿2 approximation, and likewise confirms that a faithful
proxy is often no easier to solve.

17. X. Gourdon (2004). “The 10^13 First Zeros of the
Riemann Zeta Function, and Zeros Computation at
Very Large Height.” Online technical report (num-
bers.computation.free.fr). [2][4] Gourdon, using high-
precision floating-point computation with the Odlyzko-
Schönhage algorithm, verified that the first 1013 zeros all
fall on the critical line. This chapter deliberately sets it
against Platt: it gives extremely strong numerical confi-
dence but does not rigorously bound the rounding error,
and so it is a numerical result rather than a mechanically
recheckable certificate.

18. D. J. Platt (2017). “Isolating Some Non-trivial Zeros of
Zeta.” Mathematics of Computation, 86(307). [2][4] Platt
uses interval arithmetic to isolate the zeros rigorously on
the critical line, giving the error a provable upper bound
and thereby raising numerical verification to a mechanically
recheckable certificate. This chapter uses it to exemplify the
stance of “certificates and bounds”: prove not the whole, but
a guaranteed bound for a finite slice.

19. M. O. Rabin (1980). “Probabilistic Algorithm for Testing
Primality.” Journal of Number Theory, 12(1). [2][4] Rabin
gives the Miller-Rabin primality test: if 𝑛 is composite, a
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randomly chosen base slips past it with probability at most
1/4, and 𝑘 independent rounds drive the chance of misjudg-
ment down to (1/4)𝑘. This chapter uses it as the cleanest
example of the probabilistic method, showing that the er-
ror bound itself is a rigorously proved theorem, and what is
given up is the kind of certainty, not the rigor.

20. R. Solovay & V. Strassen (1977). “A Fast Monte-Carlo Test
for Primality.” SIAM Journal on Computing, 6(1). [2][4]
Solovay and Strassen earlier proposed a probabilistic pri-
mality test based on the Jacobi symbol, with a single-round
chance of misjudgment of at most 1/2, one of the found-
ing works of randomized algorithms. This chapter places it
alongside Rabin’s version, showing that trading the proba-
bilistic method for a decision deliverable within budget has
long had precedents in computational number theory.

21. W. P. Thurston (1994). “On Proof and Progress in Math-
ematics.” Bulletin of the American Mathematical Society,
30(2). [1][3] Thurston argues that what mathematics truly
advances is human understanding of mathematics, not
merely the inventory of formal proofs, and that proof is
only a socialized means by which the community transmits
and confirms understanding. This chapter cites it at the
close to challenge the narrowing view that “mathematics
equals proven theorems,” and it is essential reading for
reflecting on the standing of proof.

22. A. Jaffe & F. Quinn (1993). “ “Theoretical Mathematics”:
Toward a Cultural Synthesis of Mathematics and Theoreti-
cal Physics.” Bulletin of the American Mathematical Society,
29(1). [1][3] Jaffe and Quinn propose distinguishing “theo-
retical mathematics” from rigorous mathematics, suggest-
ing that conjecture-driven, not-yet-rigorously-proved work
be explicitly labeled so as not to erode the reliability of
mathematics, which set off a widely noted debate in the
community. This chapter borrows from that debate to ask
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to what extent evidence-first work counts as mathematics,
cutting right to the whole book’s concern with verification
and belief.

23. J. von Neumann (1947). “The Mathematician.” In R. B.
Heywood (ed.), The Works of the Mind. University of
Chicago Press. [1][3] In this essay von Neumann reflects
on the nature of mathematics, on how mathematics travels
back and forth between abstraction and empirical sources,
how it chooses its direction by aesthetic standards, and
why drifting too far from the empirical source carries the
risk of degeneration. From the vantage of a master who
ranged across many fields, it shows the weight of aesthetics
and taste in mathematical judgment, echoing this chapter’s
discussion of how mathematicians decide where to push.

24. K. Appel & W. Haken (1977). “Every Planar Map Is Four
Colorable, Part I: Discharging.” Illinois Journal of Math-
ematics, 21(3). [2][3] Appel and Haken, with the aid of a
computer-checked set of unavoidable configurations, proved
the four color theorem, the first famous mathematical proof
to depend essentially on a computer. It raised a debate that
continues to this day: whether a proof no human can read
line by line still counts as a proof, directly bearing on this
chapter’s discussion of certificates and mechanically recheck-
able guarantees.

25. T. Hales et al. (2017). “A Formal Proof of the Kepler Conjec-
ture.” Forum of Mathematics, Pi, 5. [2][3][4] Hales’s team,
in the Flyspeck project, used the HOL Light and Isabelle
proof assistants to complete a fully formalized, mechanically
checkable proof of the Kepler conjecture, settling the unre-
solved status the original proof had been left in because
human referees could not fully check it. This chapter uses
it to show how formal verification compresses a contested
argument into a line-by-line verifiable certificate.

26. N. Alon & J. H. Spencer (1992). The Probabilistic Method.
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Wiley. [2][4] This classic systematically presents the prob-
abilistic method pioneered by Erdős: to prove that some
combinatorial object exists, prove that the probability of
its appearing at random is positive, and thereby conclude
that it must exist, while often being unable to construct it
explicitly. This chapter borrows from it to point out the
feature of the probabilistic method in proving existence in
pure mathematics: existence proved, construction absent.

27. P. J. Davis & R. Hersh (1981). The Mathematical Experi-
ence. Birkhäuser. [1][3] Davis and Hersh, starting from the
actual experience of mathematicians, discuss the existential
status of mathematical objects, the role of proof, and the
philosophical situation of mathematics, presenting a practi-
tioner’s perspective different from formalist dogma. It pro-
vides this chapter with a close-to-the-ground reflection for
understanding how mathematicians hold beliefs in practice
and regard truth.

28. W. T. Gowers (2000). “The Two Cultures of Mathemat-
ics.” In Mathematics: Frontiers and Perspectives. Ameri-
can Mathematical Society. [1][3] Gowers distinguishes two
cultures within mathematics: theory-builders and problem-
solvers, the former solving problems for the sake of under-
standing, the latter understanding for the sake of solving
problems, with algebraic geometry, the Langlands program,
and combinatorial number theory as contrasts. It shows
that mathematicians can hold different measures of what is
deep and what is good work, echoing this chapter’s discus-
sion of the standards of mathematical judgment.

29. T. Tao (2007). “What Is Good Mathematics?” Bulletin
of the American Mathematical Society, 44(4). [1][3] Tao
enumerates the many mutually distinct dimensions of good
mathematics, from rigor, depth, and beauty to richness of
application and the power to open new directions, arguing
that no single standard exists and that, over the long run,

132



these qualities often pull on one another. This chapter bor-
rows from it to show that judging whether a piece of work
is worth investing in is itself an ability, and that not one of
its standards is “already proved.”

30. H. L. Montgomery (1973). “The Pair Correlation of Zeros
of the Zeta Function.” In Analytic Number Theory, Proc.
Sympos. Pure Math., XXIV. American Mathematical So-
ciety. [2][3] Montgomery studies the normalized pair corre-
lation of the zeros of 𝜁, deriving and conjecturing its form,
and Dyson at once recognized this as exactly the pair cor-
relation of the eigenvalues of the random-matrix Gaussian
unitary ensemble. This linkage opened the deep connection
between number theory and random matrix theory, and is
one of the key pieces of evidence when this chapter discusses
on what the belief in RH is built.

31. P. Sarnak (2004). “Problems of the Millennium: The Rie-
mann Hypothesis.” Clay Mathematics Institute. [2][3][4]
Sarnak’s note for the Clay Institute emphasizes the gener-
alized forms of RH and its central role in analytic number
theory, explaining why so many other results take it as a
premise. From the vantage of an expert active in the connec-
tion between zero statistics and random matrices, it rounds
out this chapter’s understanding of RH’s importance and its
web of evidence.

32. J. C. Lagarias (2002). “An Elementary Problem Equivalent
to the Riemann Hypothesis.” The American Mathematical
Monthly, 109(6). [2][4] Lagarias gives an elementary inequal-
ity using only the harmonic numbers and the sum-of-divisors
function, proving that it holds for all 𝑛 if and only if RH
holds, translating the abstruse zero problem into an arith-
metic statement that could almost be written on a postcard.
This chapter uses it to show that proxy substitution can
be elementary on the surface while the difficulty remains
undiminished.
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33. A. M. Odlyzko (1987). “On the Distribution of Spacings
Between Zeros of the Zeta Function.” Mathematics of Com-
putation, 48(177). [2][4] Odlyzko, with a vast amount of
high-precision computation, examines the distribution of
spacings between the zeros of 𝜁 and finds it in astonishing
agreement with the prediction of the random-matrix Gaus-
sian unitary ensemble, providing strong numerical support
for the Montgomery-Dyson conjecture. This chapter uses it
to show that this statistical fit, though not a proof, is ex-
tremely strong evidence leading mathematicians to believe
RH.
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Chapter 8: The
Organization Blind to
Itself

Thesis: A large organization or a state cannot di-
rectly observe its own knowledge and activity, which
is distributed, partly hidden, and at times strategically
concealed; so it reaches out to grasp a proxy (the met-
ric it can see), and this is where the proxy move’s
Goodhart failure is at its most glaring, before being
shored up with auditing (the audit trail) and redun-
dancy.

A Colossus That Cannot See Itself

The principal-agent problem of the previous chapter now has its
scale enlarged. The principal is no longer a single person, but
an entire organization, a whole state; the ones entrusted to act
are thousands upon thousands of people scattered everywhere. A
new, almost absurd situation arises: this colossus cannot see itself
clearly.

It wants to know how many people it has, what is being planted,
who is doing what, and how well they are doing it; yet none of
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this knowledge resides anywhere it can directly read. What this
chapter examines is this: when the object to be verified is the orga-
nization’s own knowledge, distributed, hidden, and apt to dodge
being seen, what does the organization do? The unverifiability
here lays several of the earlier faces one atop another: partial
observability (knowledge dispersed at the edges), plus the adver-
sarial (the people being watched will turn around and manipulate
the thing being watched).

Distributed Knowledge

Hayek’s 1945 essay “The Use of Knowledge in Society”1 laid the
problem bare: the knowledge on which a society runs is never
concentrated in any one place; it is dispersed among countless
individuals, it is local knowledge concerning a particular time and
a particular place, and often it cannot even be put into words.
Which machine has a small fault today, which customer is in fact
about to drift away, which side path will collapse after the rain,
the holders of such knowledge often do not themselves realize it
is “knowledge,” let alone find a way to package it up and hand it
to the center. Polanyi called this layer the tacit dimension2: we
know far more than we can tell.

This means the organization faces more than a case of “the infor-
mation has not yet been collected.” Even if everyone were loyal
and cooperative, that local, tacit knowledge would still evaporate
in the course of being gathered. The “whole picture of the organi-
zation” the center wants cannot, in principle, be faithfully fitted
into any container that could verify it. This is the social-scale
version of partial observability, and it comes with a harder floor:
such knowledge is by its very nature local, and cannot be gathered
into any one place.
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The Urge Toward Legibility

If it cannot be seen clearly, the impulse is to find a way to make
it seeable. Scott’s 1998 book Seeing Like a State3 gives this urge
an exact name: legibility. For a state to act upon society, it
must first remake society into a shape it can read. It measures
the land and draws cadastral maps, imposes fixed surnames on
people who once had only nicknames, bynames, or patronymics,
standardizes weights and measures, and rolls out standardized
scientific forestry. These are not neutral acts of recording; they
are reshaping reality itself so that reality will fit into the table.
Hacking’s The Taming of Chance32, Desrosières’s The Politics of
Large Numbers31, and Bowker and Star’s Sorting Things Out30,
taken together, form a history of “making society countable.”

The danger of legibility lies in the fact that the map must sim-
plify, and once an organization acts only according to the map, the
things the map has erased come back to bite. Scott’s most forceful
case is precisely scientific forestry: to render the forest “legible,
countable, and taxable,” the Prussians remade the tangled natu-
ral woodland into uniform, easily inventoried single-species plan-
tations. The first generation or two grew splendidly; by the third
generation the soil was exhausted, pests spread, and the forest
died off in swaths, so much so that German even coined a word
for it, Waldsterben, the death of the forest. The cleaner the map,
the more lethal the local knowledge it erased, the knowledge that
had kept the system running. This is the organization manufac-
turing for itself the observability it lacks, at the cost of leveling,
with its own hands, the very complexity that let it run.
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The Proxy Metric, and Its Goodhart Col-
lapse

The most common landing place of the urge toward legibility is
the metric. The things truly cared about, health, learning, pro-
ductivity, public welfare, cannot be directly observed; so the orga-
nization grasps the proxy it can see, the KPI, GDP, exam scores,
paper citation counts, emergency-room waiting times.

This is exactly the proxy substitution we met in Chapter 7. But
here it fails in the opposite manner, and that contrast is one of
this book’s main threads. The mathematician’s proxy is faithful
but no easier: an equivalent rewriting really is equivalent, yet it
has not become any simpler to solve. The organization’s proxy is
precisely the reverse, easier but unfaithful: the metric is of course
easy to measure, but its correspondence to the true target snaps
the moment the metric itself becomes the target.

This rupture goes by many names. Goodhart in 19754: once a
metric is taken as a policy target, its reliability as a metric falls
apart. Campbell in 19796 says the social version of the same thing.
As early as 1956, Ridgway had catalogued the “dysfunctional con-
sequences of performance measurements”7; Kerr’s 1975 essay “On
the Folly of Rewarding A, While Hoping for B”8 wrote it into the
common sense of management. Strathern gave it its most distilled
single sentence5: when a measure becomes a target, it ceases to
be a good measure. A deeper layer is reflexivity: Espeland and
Sauder in 200712 point out that a public ranking is not describing
the world but remaking it; a ranked university will change itself
to fit the ranking’s algorithm, so that what the metric “measures”
is precisely the behavior it has itself called into being. Bevan
and Hood11 documented the gaming of metrics inside the English
health system; Smith in 199510 analyzed how the public release of
performance data invites a string of unforeseen consequences; and
Merton’s 1936 paper on “the unanticipated consequences of pur-
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posive social action”9 is the wellspring of all this. Such collapses
are common in reality, and the cost is at times staggering. To
hit its account metric for “cross-selling,” Wells Fargo employees
secretly opened some 3.5 million fake accounts without customers’
knowledge; the affair came to light in 2016, the bank was fined
185 million dollars and more than five thousand employees were
dismissed, and the number that had been enshrined had destroyed
the very customer relationship it was meant to measure. An ear-
lier, parable-like case took place in colonial-era Delhi: to wipe out
snakes, the authorities offered a bounty for dead cobras, where-
upon residents simply bred cobras to collect it; when the bounty
stopped, the snakes were all set free, and the snake problem grew
worse than before. The “cobra effect” takes its name from this.

Why must a proxy be distorted? Principal-agent theory gives
the rigorous explanation. Holmström’s 1979 informativeness
principle14: reward should be hung on signals that carry in-
formation about “effort.” But once effort is multidimensional
and you can measure only a few of its dimensions, trouble
begins. Holmström and Milgrom’s 1991 multitask analysis15 (the
multitask principal-agent model) puts it plainly: when a person
must attend to measurable and unmeasurable tasks at once, the
more heavily you reward the measurable part, the more they
will shift effort away from the unmeasurable part toward the
measurable. Let the true target be 𝐺 and the observable proxy
be 𝑃 ; the two are correlated under the status quo. The problem
is that this correlation is a product of behavior, not an objective
law. Once 𝑃 is made the target of pressure,

arg max
𝑎

𝑃(𝑎) vs. arg max
𝑎

𝐺(𝑎),

the rational agent goes looking for actions that raise 𝑃 while doing
nothing for, or even harming, 𝐺; the correlation is crushed by the
very pressure to optimize. The teacher teaching to the test, the
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hospital scheduling patients so as to lower one particular waiting-
time figure, the researcher slicing a single paper into the smallest
countable units of publication, are all the same mechanism.

Figure 6: The Goodhart collapse: optimize the proxy, and the
true target comes uncoupled

Shoring It Up With Auditing and Redun-
dancy

The proxy on its own will collapse, so the organization adds two
further moves, which are likewise moves that recur throughout
this book.

The audit trail and auditing. Double-entry bookkeeping is one of
humanity’s oldest audit chains; Soll, in The Reckoning22, argues
that the ability to keep accounts that can be checked bears di-
rectly on the rise and fall of one nation after another: those that
can reckon themselves are the ones that endure. Modern finan-
cial auditing and independent inspection all amount to swapping
“fraud cannot be prevented in advance” for “fraud can be detected
after the fact.” But this move has an ailment of its own. Power’s
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1997 The Audit Society20 spells it out: when verification itself be-
comes a ritual, what the organization produces is no more than
the appearance that “everything is under control,” rather than
control itself. The “audit culture” of Shore and Wright17 and
O’Neill’s reflection on “trust” in the 2002 Reith Lectures21 speak
of the same alienation: in order to be held accountable, institu-
tions pour enormous effort into manufacturing traces that can be
inspected, while the real work gets pushed to the side.

Redundancy and consensus. Landau’s underrated 1969 article16

rehabilitated “duplication and overlap”: in a system whose parts
are none of them fully reliable, redundancy is not waste but
a source of reliability; several mutually independent checks are
harder to fool all at once than a single authority. This move
holds only under one precondition, independence, which the next
part will stress again and again: if several checks are in fact of
the same origin, a correlated failure will destroy the entire value
of the redundancy in one stroke.

Where This Chapter Leads, and the Close
of Part II

With this, the four sites have all been surveyed. The person at the
console, the agent set loose, the mathematician hitting the wall,
and the organization blind to itself face sources of unverifiability
that are wildly different: preferences hidden in the heart, future
behavior in an open world, propositions undecidable in principle,
knowledge that is distributed and apt to dodge. Yet what they
reach out to grasp is the same small set of things.

What most deserves to be set side by side is the two opposite
failures of proxy substitution. The mathematician comes to grief
on faithful but no easier; the organization comes to grief on easier
but unfaithful. The two ends of that 2×2 table in Chapter 7
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now both have flesh on them. They are not two moves but two
directions of failure of a single move, and a good proxy must dodge
both ends at once, being faithful and easier alike, which is so rare
that it is nearly the whole of the craft. Chapter 11 will formally
join these two ends. The principal-agent skeleton, too, has grown
from a snippet of code in Chapter 6 into a state here.

With this, Part II has demonstrated the moves “embedded in their
sites and tangled together.” They are scattered, go by changing
names, and are mixed into their respective jargons. What Part
III sets out to do is to pull each move out of the field in which
it grew, wash it clean, name it on its own, and cover every site
at one stroke. That comparative table is the true payload of this
book.
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ström proposes the informativeness principle: under moral
hazard, the optimal reward contract should hang on all sig-
nals that carry information about the agent’s effort. This
chapter uses it to give a rigorous principal-agent explanation
of “why the proxy is bound to be distorted,” and to lead into
the trouble that arises when effort is multidimensional and
only a few dimensions can be measured.

15. B. Holmström & P. Milgrom (1991). “Multitask Principal-
Agent Analyses: Incentive Contracts, Asset Ownership, and
Job Design.” The Journal of Law, Economics, and Organi-
zation, 7(Special Issue), 24-52. [2] The multitask principal-
agent model shows that when a person must attend to mea-
surable and unmeasurable tasks at once, the more heavily
the measurable part is rewarded, the more they will draw ef-
fort away from the unmeasurable part. This chapter argues
from it the mechanism of the proxy’s collapse: pressing on
the observable metric rationally induces the agent to aban-
don work that is hard to measure yet truly important.
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16. M. Landau (1969). “Redundancy, Rationality, and the
Problem of Duplication and Overlap.” Public Administra-
tion Review, 29(4), 346-358. [2][4] Landau rehabilitated
the “duplication and overlap” so often denounced as waste:
in a system whose parts are none of them fully reliable,
redundancy is precisely the source of reliability, and several
mutually independent checks are harder to fool all at once
than a single authority. This chapter’s section “Shoring It
Up With Auditing and Redundancy” adopts this argument
directly, and stresses that its precondition is the mutual
independence of the checks.

17. C. Shore & S. Wright (1999). “Audit Culture and Anthro-
pology: Neo-Liberalism in British Higher Education.” The
Journal of the Royal Anthropological Institute, 5(4), 557-575.
[2][4] Shore and Wright, taking British higher education as
their example, propose “audit culture”: under neoliberal
governance, the logic of accountability and audit seeps into
academic institutions, turning peers into objects of surveil-
lance and reshaping the way people govern themselves. This
chapter uses it to show how auditing is alienated from a tool
into a culture that makes people spend themselves on man-
ufacturing inspectable traces.

18. J. Z. Muller (2018). The Tyranny of Metrics. Princeton
University Press. [4] Muller, writing for the general reader,
surveys the distortions and costs brought by overreliance on
quantitative metrics in fields such as medicine, education,
policing, and business, and offers judgments about when
measurement should and should not be used. The book is a
popular synthesis that explains the collapse of the proxy to
practitioners, suitable for the reader as an introduction and
a point of comparison.

19. T. M. Porter (1995). Trust in Numbers: The Pursuit of
Objectivity in Science and Public Life. Princeton University
Press. [2][4] Porter argues that reliance on quantification
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often springs from a kind of “mechanical objectivity”: in
situations lacking trust and demanding outward account-
ability, numbers are used as a tool to suppress personal
judgment and ward off challenge. The book provides a deep
sociological explanation of why organizations cling to legi-
ble numbers, serving as background to both this chapter’s
sections on legibility and on auditing.

20. M. Power (1997). The Audit Society: Rituals of Verification.
Oxford University Press. [2][4] Power points out that when
verification itself becomes a set of rituals, what the organiza-
tion produces is often the appearance that “everything is un-
der control,” rather than control itself, and society remakes
itself in turn so as to be auditable. This chapter’s section
“Shoring It Up With Auditing and Redundancy” draws on it
to spell out the ailment that the audit move carries within:
the more traces, the more the real work gets pushed aside.

21. O. O’Neill (2002). A Question of Trust: The BBC Reith Lec-
tures 2002. Cambridge University Press. [4] O’Neill, in this
set of Reith Lectures, reflects on the contemporary culture
of accountability: the various measures of transparency and
audit meant to rebuild trust often erode the very trust they
were intended to foster, leaving people busy coping with
inspection rather than doing the work well. This chapter
cites it alongside “the audit society” to show how excessive
accountability backfires.

22. J. Soll (2014). The Reckoning: Financial Accountability
and the Rise and Fall of Nations. Basic Books. [1][4] Soll,
with double-entry bookkeeping as his thread, argues that
the ability to keep accounts that can be checked bears di-
rectly on the rise and fall of one nation after another: those
that can reckon themselves are the ones that endure. This
chapter uses it to support the claim that “the audit trail and
auditing” is one of humanity’s oldest chains of verification.

23. J. G. March & H. A. Simon (1958). Organizations. John
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Wiley & Sons. [2] March and Simon laid the foundations of
modern organization theory: the rationality of an organiza-
tion’s members is bounded, and the organization copes with
the limits of individual cognitive capacity precisely through
division of labor, procedures, and information channels. The
book provides a basic framework for “the organization can-
not see itself,” and is a classic source for understanding how
information flows and decays through a hierarchy.

24. H. A. Simon (1947). Administrative Behavior: A Study of
Decision-Making Processes in Administrative Organization.
Macmillan. [2] Simon proposes bounded rationality, under-
standing the organization as a set of structures that help
members make decisions under limited cognitive capacity.
The book is the source for understanding why an organiza-
tion must rely on simplification, routine, and proxies to run,
and it lays the theoretical bedrock for this chapter’s account
of the limits of organizational self-knowledge.

25. R. M. Cyert & J. G. March (1963). A Behavioral Theory
of the Firm. Prentice-Hall. [2] Cyert and March propose a
behavioral theory of the firm, stressing that organizational
decisions are governed by standard operating procedures,
limited search, and the negotiation of goals among parties,
rather than by pure optimization. The book helps in un-
derstanding the plurality and tension of goals within an or-
ganization, and is an important support for this chapter’s
treatment of the organization as a bounded-rationality ac-
tor.

26. O. E. Williamson (1975). Markets and Hierarchies: Analy-
sis and Antitrust Implications. Free Press. [2] Williamson,
starting from transaction costs, explains why some activities
are coordinated by the market and others are folded into a
hierarchical organization: bounded rationality and oppor-
tunism make some transactions more efficient to complete
within a hierarchy. The book provides an economic explana-
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tion of why an organization takes scattered activities under
its own roof, and thereby shoulders the difficulty of verifying
them.

27. K. J. Arrow (1974). The Limits of Organization. W. W.
Norton. [2][4] Arrow concisely explores the organization as
a means of coping with the scarcity of information and with
uncertainty, and the inherent limits it meets in authority,
responsibility, and trust. The book points out that trust is
an indispensable lubricant of social functioning that cannot
be bought by contract, in distant resonance with the cost of
verification examined in this chapter’s sections on auditing
and redundancy.

28. M. Lipsky (1980). Street-Level Bureaucracy: Dilemmas of
the Individual in Public Services. Russell Sage Foundation.
[2][4] Lipsky points out that street-level bureaucrats such
as teachers, police, and social workers exercise a great deal
of discretion under conditions of scarce resources, and that
their everyday coping in fact shapes how public policy ac-
tually lands. The book is an important reference for un-
derstanding why the local knowledge and discretion at the
organization’s edges is hard for the center to observe and
verify.

29. J. Q. Wilson (1989). Bureaucracy: What Government Agen-
cies Do and Why They Do It. Basic Books. [2][4] Wilson
examines in detail the actual workings of government agen-
cies, distinguishing types of agency by whether outputs and
outcomes are observable, and explains why the real effective-
ness of many public agencies is hard to measure. The book
provides rich real-world material for this chapter’s “the orga-
nization blind to itself,” and is especially helpful for under-
standing why proxy metrics are particularly apt to distort
in the public sector.

30. G. C. Bowker & S. L. Star (1999). Sorting Things Out: Clas-
sification and Its Consequences. MIT Press. [2][4] Bowker
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and Star examine how classification systems silently embed
themselves into infrastructure, and how they shape the very
reality they meant to record neutrally, with the differences
flattened by classification often carrying real consequences.
This chapter sets it alongside Hacking and Desrosières, gath-
ering it into the history of “making society countable,” to
show that classification is an invisible link in the engineering
of legibility.

31. A. Desrosières (1998). The Politics of Large Numbers: A
History of Statistical Reasoning (trans. C. Naish). Harvard
University Press. [2] Desrosières traces the history of sta-
tistical reasoning, showing that statistical categories took
shape in step with state administration, and that numbers
are at once a tool for knowing society and a political act
that constructs social reality. This chapter brings it into
the genealogy of “making society countable,” revealing the
provenance of the statistical apparatus behind legibility.

32. I. Hacking (1990). The Taming of Chance. Cambridge Uni-
versity Press. [2] Hacking examines the rise of statistical
and probabilistic thought in the nineteenth century, arguing
that the mass collection of population data “tamed chance”
and gave birth to concepts such as “the normal” and “nor-
malcy” that govern modern governance. This chapter cites
it to show that making society countable is itself a stretch
of history that remade cognition, and not a neutral act of
recording.
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Part III: Convergence
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Chapter 9: Compressing
the Unknown

Thesis: Two moves attack uncertainty head-on. On
a slice you can inspect, deliver a guaranteed bound
(a certificate); spend your limited checks where they
dissolve the most uncertainty (optimal screening).

Part II embedded the moves inside four concrete sites and let them
play out, entangled with one another. From this part onward the
angle changes: each move is lifted out on its own, washed clean of
its domain’s jargon, presented in pure form, and then laid across
all the sites at once. This is the real payload of the book, that
“table of the same move under its many vocabularies.”

The eight moves pair off, two by two, into four chapters. The
pairing is not a convenience; the pairing is itself a claim: each
pair pulls on the same more basic lever, a point that comes due
in Chapter 13. This chapter’s pair, certificate and optimal screen-
ing, together attack the same thing, namely uncertainty. They
compress the unknown from opposite ends: at one end, on a slice
you can manage to check, you prove a guaranteed bound; at the
other, you spend your limited checks where they dissolve the most
uncertainty.

And, by the iron rule laid down in Chapter 4, every move proposed
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and every cross-domain juxtaposition made must be interrogated
once more: is this transfer substantive (same mechanism, same
failure mode, same trade-off), or merely a pretty metaphor?

Certificate: Prove a Bound on a Slice

The first move in pure form: rather than verify the whole, produce
a bounded, independently recheckable local guarantee. What you
deliver is not “all of it is right” but “within this range, it is wrong
by at most this much,” accompanied by a voucher anyone can
quickly verify.

Its cross-domain forms are astonishingly consistent.

In machine learning it is called a generalization bound. Valiant’s
1984 PAC framework1 and the VC dimension of Vapnik and Cher-
vonenkis (brought in by Blumer and colleagues in 19894) give a
guarantee of the form “with probability at least 1−𝛿, the true error
does not exceed the empirical error plus a complexity penalty”:

𝑅(ℎ) ≤ 𝑅̂(ℎ) + √𝑑( ln(2𝑛/𝑑) + 1) + ln(4/𝛿)
𝑛 .

You cannot verify the model’s behavior on all future data (that
is the open world), but on the slice of “samples already seen”
you can prove a bound, with a confidence level, that holds for
unseen data. Hoeffding’s inequality17 is its probabilistic engine;
PAC-Bayes (McAllester6) is its refinement.

In software it is called types and proofs. A type system does
not prove a program “all correct,” only that one property holds
(for instance, that it will not treat an integer as a pointer), and
in exchange it buys a decidable, mechanically recheckable check
(Pierce7). The Curry-Howard correspondence (Howard 19808)
sets an equals sign between “proof” and “program,” and Necula’s
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1997 proof-carrying code9 pushes the move to its limit: untrusted
code carries its own safety proof, and the host need only quickly
check the certificate, without re-deriving anything itself. Leroy’s
formally verified CompCert compiler of 200910 and the Z3 solver
of de Moura and Bjørner in 200811 are the industrialization of the
same idea.

In numerical computation it is called an error bound. Higham’s
2002 backward error analysis12 and Moore’s 1966 interval
arithmetic13 let you compute carrying “an interval guaranteed to
contain the true value,” so that what you finally deliver is not a
floating-point number that may deceive you, but a guaranteed
range. In mathematics it is the zeros verified up to height 𝑇 from
Chapter 7: a bound, not a theorem.

The unifying idea is this: a certificate is a local, bounded, indepen-
dently recheckable guarantee. Its finest feature is that it exploits
the verification asymmetry from Chapter 2: producing a certifi-
cate may be extremely expensive, while checking one is extremely
cheap. Proof-carrying code, the solution to an NP problem, a
mathematical proof, all feed on this same dividend.

It has only one standard failure mode, but a common one: the
vacuous bound. A guarantee that is true yet useless, such as “the
error is at most one hundred percent” or “this model’s generaliza-
tion error is finite,” is logically unimpeachable and operationally
worthless. The value of a bound lies not in holding, but in being
tight enough to act on.

Optimal Screening: Spend Your Checks on
the Cutting Edge

The second move in pure form: information has a cost, so allocate
your limited checks to where, at the margin, they compress the
most uncertainty.
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Its cross-domain forms are equally tidy. In statistics and science it
is called design of experiments: Fisher’s 1935 The Design of Exper-
iments19 and Box and colleagues’ Statistics for Experimenters20

teach how to wring the most information from the fewest trials;
Lindley in 1956 gave a measure of “the information an experiment
provides”21, and Chaloner and Verdinelli systematized Bayesian
experimental design22; Wald’s 1945 sequential test23 lets you de-
cide whether to continue as the data come in. Shannon’s 1948
information theory14 is the underlying currency of all of it. In ma-
chine learning it is called active learning: which sample is most
worth labeling next (Cohn and colleagues33, Settles34). In soft-
ware testing it is called fuzzing: which input to throw compute
at to knock out a crash (Miller and colleagues’ pioneering 1990
experiment35). The modern scale of this move is striking. Since
2016 Google’s OSS-Fuzz has continuously fed vast quantities of
malformed input into thousands of open-source projects, and has
by now uncovered tens of thousands of defects and vulnerabilities.
No human testing team could exhaust to that magnitude; it relies
precisely on pouring compute, without pause, toward the places
most likely to crash. In auditing it is called sampling: which trans-
actions to check to most likely find a problem. In interfaces it is
which question to ask the user (Chapter 5).

Behind all of these lies the same optimization problem: maxi-
mize the expected information gain between the answer and the
unknown,

𝑞⋆ = arg max
𝑞

𝐼(𝜃; 𝑦𝑞).

And when the checking itself must be performed repeatedly, and
used even as it proceeds, it grows into the tension of exploration
and exploitation, that is, the multi-armed bandit problem.
Thompson’s 1933 sampling24, Robbins’s 1952 founding25, Lai and
Robbins’s 1985 optimal allocation26, and Auer and colleagues’
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2002 finite-time analysis27 give the optimal solution to “how
many trials to spend reducing the uncertainty about which
option”; its regret grows only logarithmically over time,

Regret(𝑇 ) = 𝑂(ln 𝑇 ).

Here one must guard against a narrative path dependence. Opti-
mal screening is a family of methods: design of experiments, active
learning, audit sampling, fuzzing, the bandit, all of it. Kushner,
Mockus, through to Jones’s 1998 efficient global optimization30,
Srinivas and colleagues’ 2010 GP-UCB32, and on to the Gaussian-
process Bayesian optimization in Shahriari’s 2016 review36, are all
extremely useful, but they are only one implementation within the
family, not the whole of “screening.” To equate this move with
Gaussian processes is to shrink a universal posture down to a
single tool.

It too has only one standard failure mode: optimizing a misspec-
ified information measure. You gather information with great
efficiency, but about the wrong question, or the “information”
you are maximizing simply does not track what you actually care
about. The cleverer the screening, the faster a misspecified mea-
sure will lead you astray.

Why the Two Moves Pair, and Where They
Lead

Set the two moves side by side: the certificate compresses un-
certainty on one slice into a guaranteed bound, while screening
spends an information budget to observe the slice that most com-
presses uncertainty. One is “prove it tight where you can check”;
the other is “spend the checking where it most needs checking.”
They squeeze the same enemy from two ends, namely the un-
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known. This is also the lever they share: under an information
budget, manage where, and with how much force, you cut uncer-
tainty. Chapter 13 will formally name this lever.

But sometimes, no matter how you compress or how you screen,
it is not enough, because you simply lack the capacity to make the
judgment at all. At that point you can no longer shrink the un-
known by yourself; you must borrow the judgment from elsewhere.
The next pair of moves is precisely about this.
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rior probability that “it really is the best,” naturally balanc-
ing exploration and exploitation. This is one of the earliest
solutions to the multi-armed bandit problem, and remains
both a simple and a strong strategy for it to this day.

25. H. Robbins (1952). “Some Aspects of the Sequential De-
sign of Experiments.” Bulletin of the American Mathemat-
ical Society, 58(5), 527-535. [1][2] This paper of Robbins’s
formally established the multi-armed bandit problem as a
mathematical object and proposed the earliest sequential
allocation strategy, founding the research direction of “how
to trade off exploration and exploitation.” It is the starting
point of the whole later bandit literature, and this chapter’s
discussion of “how many trials to spend reducing which un-
certainty” begins here.

26. T. Lai and H. Robbins (1985). “Asymptotically Efficient
Adaptive Allocation Rules.” Advances in Applied Mathemat-
ics, 6(1), 4-22. [2] Lai and Robbins proved the regret lower
bound for the multi-armed bandit: the cumulative regret of
any reasonable strategy grows at least logarithmically over
time, and they constructed asymptotically optimal alloca-
tion rules attaining this lower bound. It established that
the main text’s 𝑂(ln 𝑇 ) is an insurmountable limit, drawing
a ceiling for the entire class of problems.

27. P. Auer, N. Cesa-Bianchi, and P. Fischer (2002). “Finite-
time Analysis of the Multiarmed Bandit Problem.” Machine
Learning, 47(2-3), 235-256. [1][2] This paper gives simple al-
gorithms such as UCB1, based on “optimism in the face
of uncertainty,” and proves they have logarithmic regret
bounds in finite time (not merely asymptotically). It turns
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Lai and Robbins’s asymptotic result into a concrete, directly
usable, analyzable strategy, and is the standard citation for
the “upper confidence bound” class of methods.

28. H. Kushner (1964). “A New Method of Locating the Maxi-
mum Point of an Arbitrary Multipeak Curve in the Presence
of Noise.” Journal of Basic Engineering, 86(1), 97-106. [1][2]
This early paper of Kushner’s characterizes an unknown
noisy curve with a probabilistic model, and on that basis
selects the next sampling point to seek the maximum, an
early form of the Bayesian-optimization idea. It shows that
“where to measure once more” can be treated as an optimal
decision, and is a pioneering work of optimal screening in
global optimization.

29. J. Mockus, V. Tiesis, and A. Žilinskas (1978). “The Appli-
cation of Bayesian Methods for Seeking the Extremum.” In
L. Dixon and G. Szegő (eds.), Towards Global Optimization
2, 117-129. North-Holland. [2] Mockus and colleagues sys-
tematically developed Bayesian global optimization and pro-
posed the acquisition function of “expected improvement”:
under a probabilistic model, select the point most likely to
bring improvement for evaluation. It turned Kushner’s in-
tuition into a general method, and is the direct predecessor
of today’s Bayesian optimization.

30. D. Jones, M. Schonlau, and W. Welch (1998). “Efficient
Global Optimization of Expensive Black-Box Functions.”
Journal of Global Optimization, 13(4), 455-492. [2][4] This
paper proposed the EGO algorithm, which uses a Gaus-
sian process to build a surrogate model for an expensive
black-box function and then picks the next evaluation
point by the expected-improvement criterion, drastically
reducing the number of evaluations. It is the landmark
work generalizing Bayesian optimization, but the main text
also cautions: it is only one implementation within the
optimal-screening family of methods, not the whole of it.
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31. C. Rasmussen and C. Williams (2006). Gaussian Processes
for Machine Learning. MIT Press. [2][4] This standard
textbook systematically treats Gaussian processes: a non-
parametric Bayesian method that places a prior on func-
tions themselves and can give predictive uncertainty. It is
the theoretical foundation of the surrogate model on which
Bayesian optimization depends, and is the core reference for
readers who want to understand “how uncertainty is mod-
eled and used to decide where to check next.”

32. N. Srinivas, A. Krause, S. Kakade, and M. Seeger (2010).
“Gaussian Process Optimization in the Bandit Setting:
No Regret and Experimental Design.” Proceedings of
the 27th International Conference on Machine Learning
(ICML), 1015-1022. [2] Srinivas and colleagues proposed
the GP-UCB algorithm, carrying the “upper confidence
bound” idea from the bandit over to Gaussian-process
optimization, and gave provable bounds for its regret.
It stitches Bayesian optimization together with bandit
theory, demonstrating precisely that this chapter’s two
ends, proving a bound and spending the checking, were one
lever all along.

33. D. Cohn, Z. Ghahramani, and M. Jordan (1996). “Active
Learning with Statistical Models.” Journal of Artificial In-
telligence Research, 4, 129-145. [2][4] Cohn and colleagues
give a statistical framework for active learning: under a sta-
tistical model, select for labeling the sample that most re-
duces the model’s variance (or predictive uncertainty). It
turns “which sample is most worth labeling next” into a
computable criterion, and is the representative work estab-
lishing active learning as a branch of optimal screening.

34. B. Settles (2009). Active Learning Literature Survey.
Computer Sciences Technical Report 1648, University of
Wisconsin-Madison. [2][4] This widely cited survey of Set-
tles’s systematically organizes the various query strategies
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of active learning, such as uncertainty sampling, query by
committee, and expected error reduction, and compares
their applicable settings. It is the standard entry point for
a quick overview of “how to spend the labeling budget,”
setting the various implementations of this move side by
side for comparison.

35. B. Miller, L. Fredriksen, and B. So (1990). “An Empirical
Study of the Reliability of UNIX Utilities.” Communica-
tions of the ACM, 33(12), 32-44. [3][4] Miller and colleagues
fed randomly generated input into various UNIX utilities,
and a fair number of programs crashed or hung as a result,
which is the pioneering experiment of fuzzing. It shows that
“throwing compute at random or suspect inputs to knock
out a fault” is a cheap and effective way of checking, and is
the starting point of optimal screening in software testing.

36. B. Shahriari, K. Swersky, Z. Wang, R. Adams, and N. de
Freitas (2016). “Taking the Human Out of the Loop: A Re-
view of Bayesian Optimization.” Proceedings of the IEEE,
104(1), 148-175. [2][4] This review comprehensively surveys
Gaussian-process-based Bayesian optimization: the surro-
gate model, the acquisition function, and their applications
in settings such as hyperparameter tuning. It is the standard
reading for understanding the current state of the field, but
the main text uses it to remind readers not to shrink the
universal posture of “optimal screening” down to the single
tool of “Gaussian processes.”
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Chapter 10: Borrowed
Judgment

Thesis: When you lack the capacity to verify, bring
it in from outside. Either place a trusted judge inside
the loop (an oracle), or use many mutually indepen-
dent and unreliable judges and trust their agreement
(redundancy / consensus).

The previous pair of moves still worked on yourself, shrinking
the unknown. But sometimes what you lack is not information
but the power of judgment itself: you simply have no capacity to
render a reliable verdict on the matter before you. The response in
this pair of moves is to stop looking inside yourself and to borrow
judgment from elsewhere. There are two ways to borrow. Either
you bring in a judge you trust (an oracle), or you assemble many
judges who do not trust one another and trust their agreement
(redundancy).

The Oracle in the Loop: Bringing In a Judge

The pure form of the first move: at the decision point where you
lack the capacity to verify, insert an external judge and let it
deliver the verdict you cannot.

The plainest version is the human-in-the-loop of Chapter 5, the ex-
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pert consultation, the hard case kicked upstairs. But the most pro-
found form of this move hides in two seemingly unrelated places.

One is interactive theorem proving. De Bruijn’s AUTOMATH of
19701, Edinburgh LCF (Gordon, Milner, and Wadsworth, 19792),
down to today’s Coq (Bertot and Castéran, 20043), all embody
the same division of labor: the human supplies the flash of proof
insight that the machine cannot produce (the oracle), and the ma-
chine scrupulously checks every step (certificate checking). The
oracle does the “finding,” the machine does the “verifying,” mesh-
ing exactly with the asymmetry of Chapter 2.

The other is more astonishing: the interactive proof of complex-
ity theory. A verifier feeble in computational power, faced with
a powerful but untrustworthy prover, how can it elicit a reliable
answer to a question it cannot compute on its own? The answer
given by Goldwasser, Micali, and Rackoff in 19896 and by Babai
in 19857 is: through repeated interrogation plus random challenge.
The verifier throws out random questions it could not itself pre-
dict, and if the prover is lying, sooner or later it will give itself
away on some challenge. Shamir’s astonishing IP = PSPACE
of 199215 shows that by this method alone, “interrogating an un-
trustworthy oracle,” a weak verifier can reliably adjudicate an
enormous class of problems; Blum and Kannan’s “programs that
check their work” of 199517 and Goldwasser et al.’s “computation
for mortals” of 201519 belong to the same lineage. This is the
purest mathematization of “borrowed judgment”: even if the or-
acle is untrustworthy, so long as you interrogate it cleverly, you
can still wring reliability out of it.

The unifying idea is this: manufacture a reliability you do not
possess on your own by bringing in an external judge. Its standard
failure mode is just as plain: the oracle is itself unreliable or biased.
The arbiter you bring in may simply be a wrong arbiter, and the
question “who verifies the oracle” carries you into a regress with
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no retreat.

Redundancy: Synthesizing Reliability from
Many Unreliable Parts

The second move changes direction: instead of bringing in one
trustworthy judge, it convenes many untrustworthy ones and
trusts their agreement.

Its theoretical foundation has two cornerstones. Von Neumann
proved in 19564 that one can assemble computation of arbitrary
reliability out of components that are themselves error-prone, by
stacking redundancy. Condorcet’s jury theorem of 17855 supplies
its arithmetic: if every judge is slightly better than chance (ac-
curacy 𝑝 > 1

2) and they are independent of one another, then
the probability that the majority vote is correct tends toward cer-
tainty as the number of judges grows,

𝑃𝑁 → 1 (𝑁 → ∞).

The cross-domain forms of this move spread very wide. In dis-
tributed systems it is Byzantine fault tolerance: the Byzantine
generals problem of Pease, Shostak, and Lamport (1980)8 and
Lamport et al. (1982)9 seeks consensus under the condition that
some nodes may act maliciously (adversarially), and the classic
threshold is that the number of nodes must satisfy 𝑛 ≥ 3𝑓 + 1 in
order to tolerate 𝑓 traitors; Castro and Liskov’s PBFT of 199911

built it into a practical system (while the impossibility theorem
of Fischer, Lynch, and Paterson, 198510, marks out its bound-
ary). In machine learning it is the ensemble: the ensemble meth-
ods of Hansen and Salamon (1990)20 and Dietterich (2000)22, and
Breiman’s random forest of 200123, use a crowd of weak models
voting to beat a single strong one. In crowds it is the “wisdom of
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crowds” (Surowiecki, 200425). In 1906, at a country fair, Galton
recorded the independent guesses of about eight hundred villagers
on the weight of an ox; not one of them guessed it exactly, yet
the average of all the estimates was 1197 pounds, and the true
weight of the ox was 1198 pounds: the whole crowd together was
off by almost nothing at all. Hong and Page even proved in 200424

that under suitable conditions a diverse group of ordinary problem
solvers can beat a group of experts. In science it is peer review
and replicated experiment (Chapter 3); in engineering it is RAID
and quorum; in medicine it is the second opinion.

But this move has one crucial precondition that must be stressed
with a whole section: independence. Redundancy holds only when
failures are uncorrelated. Average many estimates, and the vari-
ance falls with the number of judges,

Var(𝑋̄) = 𝜎2

𝑁 ;

but once there is a positive correlation 𝜌 among these judgments,
the variance no longer tends to zero. It sticks at a floor,

Var(𝑋̄) = 𝜌 𝜎2 + (1 − 𝜌) 𝜎2

𝑁
𝑁→∞−−−−→ 𝜌 𝜎2.

Correlation cancels the entire value of redundancy at a stroke.
Stack as many judges as you like, and you still cannot get past
this floor set by correlation. This is no abstraction: Knight and
Leveson’s famous experiment of 198613, which had many program-
mers independently write programs to the same specification, ex-
pected their errors to be mutually uncorrelated, but found that
they stumbled in the same places, because human beings, facing
the same hard point, make the same mistakes (Eckhardt and Lee
had predicted this theoretically as early as 198512). Groupthink,
flawed training data drawn from a common source, common-mode
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Figure 7: The correlation floor of redundancy: once correlation is
present, piling on more judges cannot get past it

failure: all are this floor making itself visible. This is the standard
failure mode of redundancy: believing in independence where in
truth there is correlation.

The Confluence of the Two Moves, and an
Echo Across Chapters

Put the two moves side by side: one brings in a single, expensive
oracle, the other synthesizes many cheap, independent judgments,
and both borrow a power of judgment you do not possess on your
own. The lever they share is to supply yourself with the verifying
capacity you lack; their failure modes, too, stand opposed in pairs:
the single oracle may be wrong, the many judgments may be
secretly correlated.

There is an episode in mathematics that ties this pair of moves
together with the certificate of the previous chapter. Appel and
Haken’s proof of the four color theorem in 197726 drew lasting
controversy because it relied on computer exhaustion, which
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amounted to asking the mathematical community to trust an
oracle. Later Gonthier in 200827 redid it as a machine-checkable
formal proof, and Hales’s team28 did the same for the Kepler
conjecture: they converted “trusting an oracle” into “checking
a certificate.” What MacKenzie29 tracks in Mechanizing Proof
is precisely how this trust shifts among people, machines, and
social processes; the line of DeMillo et al.14, that “a proof is a
social process,” comes down in the end to placing the credibility
of mathematics on the redundancy of human judgment.

One thing must be seen clearly, though: up to this point, the
first two pairs of moves, compressing the unknown and borrowing
judgment, are still pursuing the same thing, the truth of the object.
They still want to know whether the matter is right or wrong.
The next pair of moves does something more radical: it stops
demanding that truth.
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centralization, and a proper aggregation mechanism, the
collective judgment of a crowd often beats that of an in-
dividual expert, and he repeatedly stresses that once inde-
pendence is lost and convergence sets in, the crowd turns
stupid. It brings this chapter’s redundancy move to the
everyday and social level, and the reader should read its
repeated insistence on “the preconditions under which the
wisdom of crowds holds.”

26. K. Appel, W. Haken (1977). “Every Planar Map Is Four
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Colorable. Part I: Discharging.” Illinois Journal of Math-
ematics, 21(3), pp. 429-490. [1][3] This is the proof of the
four color theorem, the first major mathematical proof in his-
tory to depend essentially on computer exhaustion of a great
many cases, and for that reason it set off a long-running ar-
gument over “whether one can trust a machine conclusion
that no human hand can check case by case.” For this chap-
ter it is the signature case of “trusting an oracle” and its
cost, and the reader should read how this argument forced
out the demand for a machine-checkable certificate.

27. G. Gonthier (2008). “Formal Proof: The Four-Color Theo-
rem.” Notices of the American Mathematical Society, 55(11),
pp. 1382-1393. [2][3] Gonthier used Coq to redo the four
color theorem as a fully formalized proof that can be checked
step by step by machine, thereby converting the “please
trust the computer” predicament of the previous entry into
“checking a certificate.” It is a key point of contrast for this
chapter, and the reader should read how it demonstrates
that demoting the output of an untrustworthy oracle to an
independently verifiable certificate dissolves the controversy
along with it.

28. T. Hales et al. (2017). “A Formal Proof of the Kepler Con-
jecture.” Forum of Mathematics, Pi, 5, article e2. [2][3]
Hales’s team, after many years, used formal proof systems
to machine-check the much-disputed proof of the Kepler con-
jecture all the way through, settling doubts that even peer
review could not fully guarantee. It belongs to the same
lineage as the previous entry, and its significance for this
chapter is to confirm once more that when a proof grows
too large for human checking, shifting trust from the oracle
to a checkable certificate is the way back to certainty.

29. D. MacKenzie (2001). Mechanizing Proof: Computing, Risk,
and Trust. MIT Press. [1][3][4] This work of sociological his-
tory by MacKenzie tracks the rise of computer proof and
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formal verification, examining how “proof” and “certainty”
are repeatedly defined and shifted among mathematicians,
machines, and social processes. It supplies this chapter with
a connecting perspective, placing oracle, certificate, and re-
dundancy alike within a larger narrative of how trust is es-
tablished and ceded, and the reader should read its exami-
nation of “how mechanized proof changed what we trust.”
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Chapter 11: Swap the
Problem

Thesis: Stop insisting on verifying the real object. Ei-
ther swap it for a solvable proxy you can check (proxy
substitution), or stop demanding a binary verdict and
instead act on a calibrated probability (calibration).

The first two pairs of moves still chase the truth of the object: they
compress it, or borrow a judgment to approximate it. This pair
gives up that obsession. It no longer asks whether the real thing
is right or wrong; it answers a different question instead, either
swapping out the object of verification (proxy substitution), or
swapping out the form of the verdict (calibration).

Proxy Substitution: Swap the Object You
Verify

The first move in pure form: stop wrestling with the true target
you cannot measure, swap it for a proxy you can check and that
is good enough, and verify or optimize that proxy.

Its cross-domain shapes turn up in almost every earlier chapter of
this book. Mathematicians stand in an equivalent statement for
a theorem (Chapter 7); software engineers stand in tests for cor-
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rectness, and benchmarks for capability; organizations stand in
KPIs for health, and GDP for welfare (Chapter 8); machine learn-
ing stands in a reward model for human beings’ true preferences
(the RLHF of Chapter 5). Psychology has a twin as well: Kah-
neman and Frederick’s 2002 “attribute substitution”32, in which
a person making an intuitive judgment unconsciously substitutes
an easily assessed attribute for the target attribute that is hard
to assess. Pólya’s maxim, “first solve a related, easier problem,”
and Simon’s satisficing are the methodological prototypes of this
move.

The whole essence of the move lies in this: it has two opposite
ways of failing. Here is exactly where Chapters 7 and 8 intersect,
and the theme runs through the whole book. Lay “faithful” (does
the proxy really point at the original target) and “easier” (is the
proxy really more tractable than the original problem) along two
axes:

Figure 8: The two opposite ways proxy substitution fails: faithful
x easier
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Mathematicians come to grief in the upper right: an equivalent
rewriting is faithful beyond reproach, yet not one bit easier to
solve; you have only put the same difficulty into a different set of
clothes. Organizations come to grief in the lower left: the metric
is easy to measure, yet its correspondence with the true target
snaps the moment it is treated as a target and optimized.

Why does it snap under optimization? Because the proxy’s cor-
relation with the true target holds only on the distribution that
is the status quo, and the pressure of optimization pushes you
off that distribution, toward the extreme where the two diverge.
Goodhart’s 1975 law1 (a metric loses its reliability the moment
it becomes a target), Campbell’s 1979 law3, and Lucas’s 1976
economic twin6 (once a structural relation is made a policy tar-
get, it collapses) all describe the same mechanism. Espeland and
Sauder’s reactivity goes one step further: a metric does not merely
distort, it reshapes the thing it measures.

This mechanism replays in machine learning with startling clar-
ity. Amodei and colleagues’ 2016 reward hacking10; Pan and col-
leagues’ 2022 empirical study12, which found that more capable
agents are better at exploiting the proxy reward, with the true re-
turn even undergoing a sharp downward phase transition; Skalse
and colleagues’ 2022 proof13 that nontrivial rewards are almost
impossible to make “unhackable”; and Gao and colleagues’ 2023
measurement14 of a quantitative scaling law for this overoptimiza-
tion. A good proxy must dodge both ends at once, being faithful
and easier, and that is so rare that the rarity itself is the whole
of the craft.

Calibration: Swap the Form of the Verdict

The second move swaps not the object but the form of the verdict:
it no longer demands a binary “true or false” ruling, but gives a
calibrated probability, acts on it, and accepts a bounded risk.
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What does calibration mean? That the things you say you are sure
of should truly occur in the proportion of that sureness. Formally,

Pr (𝑌 = 1 ∣ ̂𝑝 = 𝑝) = 𝑝,

of the things you report at 70%, in the long run about seven in
ten should come true. This is an object of knowledge weaker than
“right or wrong,” yet attainable and checkable.

Figure 9: The reliability diagram of calibration: how sure you say
you are should match how often it comes true

Its cross-domain shapes are equally tidy. In number theory it
is probabilistic primality (that “prime with probability 1 − 𝜀” of
Chapter 7). In machine learning it is conformal prediction (Vovk,
Gammerman, and Shafer 200526), which gives you not a point
judgment but a prediction set with a coverage guarantee,
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Pr (𝑌 ∈ 𝐶(𝑋)) ≥ 1 − 𝛼.

In meteorology and forecasting science it is a whole mature
theory of calibration: Brier’s 1950 score15, Murphy’s 1973
decomposition17 into reliability, resolution, and uncertainty,
DeGroot and Fienberg’s 1983 systematic treatment18, and
Gneiting and colleagues’ 2007 modern framework24 of “maximize
sharpness subject to calibration.” Weather forecasting is in fact
one of the fields where calibration is done best: when a mature
forecasting system says “70% chance of rain tomorrow,” and you
stretch out all the days it said so, about seven in ten did see rain,
sureness fitting reality seamlessly, which is the very model of
calibration. There is a deep design here too, the strictly proper
scoring rule: a scoring function carefully constructed so that
telling the truth (reporting your true probability) is exactly what
makes your expected score optimal,

𝑝 = arg max
𝑞

𝔼𝑌 ∼𝑝[𝑆(𝑞, 𝑌 )].

Truthful reporting thereby no longer rests on conscience; the
mathematical structure of the scoring rule enforces it (Savage
197116, Gneiting and Raftery 200723). Dawid’s 1982 proof19

that a Bayesian actor can asymptotically self-calibrate, and
Foster and Vohra’s 1998 proof22 that for any sequence there
exists an asymptotically calibrating strategy; but Oakes’s 1985
“self-calibrating priors do not exist”20 draws the limit of this
move. Modern neural networks are in fact often miscalibrated
(Guo and colleagues 201725), and so need recalibration. The
graded trust of Chapter 6, allow, ask, block, is precisely what
calibration looks like once it lands on action.

Calibration has two ways of failing. The shallower is miscalibra-
tion: your claimed sureness does not match reality, you report
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90% but only six in ten come true, and so every decision built
on it is off. The deeper is subtler and more important: calibra-
tion tells you the odds, but does not tell you whether you should
accept the bet. A perfectly calibrated “70%” stays silent on the
question of whether 70% is good enough for you to wager, because
that depends on the size of the stake and the ranking of your val-
ues, which is a question of value, not of verification. Conflating
the two is the most common trap in acting on calibration: you
think the probability has made the decision for you, when in fact
it has only laid out the odds, and whether to press the button
still requires you to bring out a set of values of your own.

Why the Two Moves Pair, and Where They
Lead

Set the two moves side by side: proxy substitution swaps out
the object you verify (a different, checkable target), and calibra-
tion swaps out the form of the verdict (a probability, rather than
true or false). Neither answers the original question; both swap
the problem for one that can be handled. The shared lever is
changing your demand on “the answer” itself, one changing what
you measure, the other changing what the verdict looks like and
putting a price on the residual risk.

But even so, these two moves are still straining to get things right,
only with a lowered standard of “right.” The last pair of moves
is more thorough still: it simply stops hoping to get things right,
and turns instead to managing getting them wrong. Since error
cannot be prevented, shrink its cost, and make sure that once it
happens you can find out. That is Chapter 12.
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proxy substitution in life and work.

193



Proxy distortion recurring in machine learning: re-
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by hand. This is the founding work of RLHF, and exactly
the proxy-substitution model this chapter calls “standing in
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13. J. Skalse, N. H. R. Howe, D. Krasheninnikov & D. Krueger
(2022). “Defining and Characterizing Reward Hacking.”
Advances in Neural Information Processing Systems, 35
(NeurIPS 2022). [2] This paper gives a formal definition
of reward hacking and proves that in nontrivial cases an
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nal of the American Statistical Association, 77(379), 605-
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its own subjective beliefs, will asymptotically self-calibrate,
that is, in the long run its probability assertions match the
actual frequencies. The chapter uses it to show that cali-
bration is not an externally imposed demand but can be an
intrinsic product of rational updating.

20. D. Oakes (1985). “Self-Calibrating Priors Do Not Exist.”
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tion.” Biometrika, 85(2), 379-390. [2] Foster and Vohra
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Scoring Rules, Prediction, and Estimation.” Journal of the
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rules: it systematically organizes which scoring functions
make truthful reporting exactly the expected-score-optimal
strategy, and connects them with prediction and estimation.
It is the theoretical pillar of this chapter’s calibration ar-
gument, and the reader who wants to understand “honesty
enforced by mathematical structure” may read this piece.

24. T. Gneiting, F. Balabdaoui & A. E. Raftery (2007). “Prob-
abilistic Forecasts, Calibration and Sharpness.” Journal of
the Royal Statistical Society: Series B (Statistical Method-
ology), 69(2), 243-268. [2] The authors propose a modern
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(PMLR 70), 1321-1330. [2] The authors find that modern
deep neural networks, though often more accurate, are
frequently miscalibrated, with confidence systematically
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on the machine-learning side, corresponding exactly to
this chapter’s “modern neural networks are in fact often
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26. V. Vovk, A. Gammerman & G. Shafer (2005). Algorithmic
Learning in a Random World. Springer. [2] This is the
founding monograph of conformal prediction: it gives not a
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single-point judgment but constructs a prediction set with a
coverage guarantee, so that the probability of the true value
falling in the set has a controllable lower bound. The chapter
uses it as one realization of the calibration idea in machine
learning, giving the reader an example of a “prediction that
carries its own reliability guarantee.”

The methodological roots of judgment, prediction,
and the substitution move

27. P. E. Tetlock (2005). Expert Political Judgment: How Good
Is It? How Can We Know? Princeton University Press.
[1][2] Tetlock conducts a large-scale, multi-year tracking of
expert political forecasting, finding that the long-run accu-
racy of many experts is unremarkable and often falls short
of simple extrapolation baselines. It is the representative
work that puts expert judgment under a checkable frame-
work, and gives empirical support to this chapter’s “act on
a calibrated probability, rather than trust authoritative as-
sertions.”

28. P. E. Tetlock & D. Gardner (2015). Superforecasting: The
Art and Science of Prediction. Crown. [1][4] This book
popularizes the research findings of the IARPA forecasting
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in an unverifiable world, well suited for the reader to train
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29. G. E. P. Box (1976). “Science and Statistics.” Journal of
the American Statistical Association, 71(356), 791-799. [2][3]
This is the source of the line “all models are wrong, but
some are useful.” Box argues that statistical modeling is an
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iterative process of scientific inquiry, which should pursue
not absolute correctness but usefulness and improvability.
It serves precisely this chapter’s contrast of ways of failing:
faithful but intractable, or tractable but only approximate.

30. G. Pólya (1945). How to Solve It: A New Aspect of Math-
ematical Method. Princeton University Press. [2][4] Pólya
sums up a set of problem-solving heuristics, one of which
is “first solve a related, easier problem,” then approach the
original through it. This is the methodological prototype of
the substitution move in this chapter’s title, and the reader
may see proxy substitution as a generalization of this an-
cient problem-solving art to settings that cannot be directly
verified.

31. H. A. Simon (1956). “Rational Choice and the Structure
of the Environment.” Psychological Review, 63(2), 129-138.
[2][4] Simon proposes bounded rationality and satisficing:
when capacity and information are limited, an actor does not
seek the optimum but stops upon finding a “good enough”
option. It provides the theoretical grounding for “replacing
the unattainable optimum with a good-enough proxy,” and
is the root of this chapter’s substitution move in decision
science.

32. D. Kahneman & S. Frederick (2002). “Representativeness
Revisited: Attribute Substitution in Intuitive Judgment.”
In T. Gilovich, D. Griffin & D. Kahneman (eds.), Heuristics
and Biases: The Psychology of Intuitive Judgment, 49-81.
Cambridge University Press. [2] Kahneman and Frederick
propose “attribute substitution”: when the target attribute
is hard to assess, a person unconsciously substitutes a more
easily assessed attribute to answer in its place. This is the
psychological twin of this chapter’s proxy-substitution mech-
anism, showing that swapping the problem is not only an
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engineering strategy but also the default mode in which hu-
man intuition operates.
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Chapter 12: Contain the
Consequences

Thesis: When you cannot prevent the error, manage
its consequences. Shrink the damage a wrong, unver-
ified thing can do (decay, before the fact), and make
sure that if it does go wrong you will find out (the
audit trail, after the fact).

The previous three pairs of moves, even at a lowered standard,
were all still trying to get the thing right. This last pair sim-
ply concedes that you cannot get it right, and turns instead to
managing failure. Since you cannot prevent the error, shrink the
damage it can do (decay, before the fact), and make sure that
once it happens you can trace it (the audit trail, after the fact).

Decay: Shrink the Blast Radius

The pure form of the first move: give up on guaranteeing that the
unverified thing will not fail, and instead fence off, before the fact,
how far its failure can reach.

This is the deepest stock-in-trade of computer security. From
Saltzer and Schroeder’s principle of least privilege in 19751, Lamp-
son’s confinement in 19732, and Dennis and Van Horn’s capabil-
ity mechanism in 19667, to Denning’s information flow lattice in
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19765 and the security models of Bell-LaPadula3 and Biba4, the
theme is the same: grant a component only the minimum capabil-
ity it needs to do its own job, and nothing more, so that even if
it is breached or fails, it cannot raise much of a wave. The sand-
box (Goldberg et al., 1996)9, separation of duties, and defense in
depth are all its incarnations. In systems reliability engineering,
it is the circuit breaker and the bulkhead (Nygard’s Release It!15),
it is blast-radius design, it is canary releases and the error bud-
get (Google SRE30); in finance, it is the position limit and the
stop-loss; and Taleb’s antifragility17 is likewise about capping the
downside.

The unifying idea is this: shift the burden from “make it not fail”
(which would require the verification you do not have) to “make it
survivable even when it fails.” A common quantitative intuition is
defense in depth: if 𝑘 layers of protection each fail independently
with probability 𝑝, the probability that all of them fail at once is

𝑝𝑘,

falling exponentially with the number of layers. But attach at
once the warning from Chapter 10: this 𝑝𝑘 holds only when the
layers fail independently. If the layers fall to the same weakness
(the same bypassed kernel, the same administrator password), cor-
relation makes defense in depth degenerate instantly into a single
layer. The Fukushima nuclear accident of 2011 is a portrait of just
this principle: the plant had multiple redundancy, main power
plus backup diesel generators, but a single tsunami drowned them
together, and several lines of defense that were supposed to be in-
dependent of one another fell to the same cause, leaving defense
in depth a sham.

Its standard failure mode lies exactly here: the bypassed decay.
Sandboxes have escapes, privileges quietly creep, and what looks
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Figure 10: Defense in depth and the Swiss cheese model: when
the holes line up, failure runs straight through

like layer upon layer of defense is in fact a set of layers sharing
one hidden door. A less often mentioned failure mode is over-
protection, which blocks normal function as well, so that people
end up working around it to get things done, and security becomes
a sham after all.

The Audit Trail: Make the Error Show Itself
After the Fact

The pure form of the second move: what you cannot prevent, you
make sure to detect the moment it happens. Move the check from
before the fact to after it.

Its most hardcore technique comes from cryptography. Merkle’s
hash tree (Merkle tree) in 198018 and Haber and Stornetta’s
chained timestamps in 199119 make a record, once written down,
impossible to alter quietly: any change is exposed when the
record is checked. Crosby and Wallach’s tamper-evident log in
200923, Schneier and Kelsey’s protection of logs on untrusted
machines in 199820, and Bellare and Miner’s forward-secure
signature in 199922 make this set of techniques firmer still.
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Certificate Transparency (RFC 6962)24 and Nakamoto’s Bitcoin
in 200827 are, in essence, a global, append-only audit ledger that
anyone can verify. Checking whether a record sits within such
a tree costs only 𝑂(log 𝑛), which is once again the “verifying is
cheaper than producing” dividend from Chapter 2.

And this move is in fact far more ancient. Double-entry book-
keeping is one of humanity’s earliest tamper-evident ledgers, and
Soll, in The Reckoning29, argues that the ability to keep one’s
own accounts straight bears directly on the rise and fall of na-
tions. Modern financial auditing and independent inspection are
the same posture. In science, it is preregistration (Nosek, 2018)33

and reproducibility (echoing the replication crisis of Chapter 3):
registering hypothesis and method before seeing the data, so that
the target cannot be moved after the fact.

The unifying idea is this: give up on “stopping the bad thing
before the fact” (which takes verification) for “being sure to detect
the bad thing after the fact” (which takes only a faithful ledger).
Its benefit is twofold: it both lets the error be corrected and,
because there is “no getting away,” produces a deterrent.

Its standard failure mode is also a single one, yet extremely com-
mon: detection that no one responds to. An audit log no one
reads, an alert uniformly ignored, is as good as nothing. The
Equifax data breach of 2017 is a textbook case: a known vulner-
ability went unpatched for too long, the intruders lurked in the
system for roughly seventy-six days before being noticed, and the
personal information of about 147 million people leaked out. The
traces were all there in the logs; only, no one looked. Detection
without response is a sham. (Another hidden danger is that the
log itself can be tampered with, which is precisely what the cryp-
tographic methods above are meant to block.)
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All Eight Moves Assembled: The Close of
Part III

Take this last pair together: decay shrinks the cost of failure be-
fore the fact, the audit trail guarantees failure is found after it.
Neither still tries to make the unverified thing correct; instead
they reshape the very form of failure itself, one lowering the blast
radius, one moving the check to after the fact.

With this, the eight moves are assembled, four pairs complete:

• Compress the unknown (Chapter 9): certificate and
bound, optimal screening.

• Borrowed judgment (Chapter 10): oracle in the loop, re-
dundant consensus.

• Swap in a problem you can handle (Chapter 11): proxy
substitution, calibration.

• Contain the consequences (Chapter 12): the decay fence,
the audit trail.

This is that comparison table, the payload of the book. It surfaces
again and again across the four sites and in science, dressed in
different jargon, yet it is always these eight. By the iron rule laid
down in Chapter 4, each move has, as far as possible, accounted
for its mechanism, its cross-domain form, and its standard failure
mode, rather than resting on surface resemblance alone.

But one sharp question remains unsettled: why these eight, of all
things? Is this a list I have cobbled together, or do they each
answer to something more basic and unavoidable? If it is only a
list, the book is at best a useful manual of classification; if there
really is structure behind it, then “convergence” has at last been
explained. Part IV chases that question: first attempting to hang
the eight moves on a common skeleton, then squarely settling
accounts, asking whether this is a law or a very strong empirical
pattern.
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Chapter 13: The Eight
Levers

Thesis: The eight moves are not an arbitrary list;
each one pulls a different lever within the decomposi-
tion of risk and information, and that is exactly why
they feel “complete.”

Part III handed over that table: eight moves, four pairs, appearing
again and again under different jargon across four concrete sites
plus science. But a list, however tidy, is still only a list. What this
chapter presses on is this: why these eight, and not others? Did
I assemble them, or does each of them lodge at some unavoidable
position? If the latter, then the convergence has been explained;
otherwise this book is at best a handy manual of classification.

I want to put forward a candidate explanation. Let me say the un-
flattering part first: it is an organizing scheme, not a proof. When
you have finished the chapter, please bring along that skeptical
knife from Chapter 14.

A Crude Decomposition

Strip “acting under unverifiability” down to its barest form, and
what you are really managing is risk. Borrowing the old lan-
guage of decision theory (Wald1, Savage4, von Neumann and

217



Morgenstern3), risk can be written, roughly, as

Risk ≈ Pr(fail) × Cost(fail),

and all of this proceeds under an information budget 𝐵: the
checks, samples, computation, and time you can spend to cut
down uncertainty are all finite.

The formula looks simple, but the point is this: the places on
its right-hand side where you can intervene are a countable few.
You can alter the definition of “failure” itself, or the probability
of failure, or your knowledge of that probability, or the cost of
failure, or how this information budget is spent, or the timing
at which checking happens. My proposition is: the eight moves
occupy exactly one position each, with no ninth slot left to fill.

Eight Moves, Eight Positions

Match each move to the lever it pulls:

Move The lever it pulls

Its position in the
decomposition of
risk

proxy substitution changes the target
you measure and
optimize

rewrites the
definition of
“failure” itself

certificate / bound presses uncertainty
into a guaranteed
bound on one slice

drives Pr(fail) near
zero locally

oracle in the loop brings in a verifying
power you do not
have on your own

lowers Pr(fail) with
outside help
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Move The lever it pulls

Its position in the
decomposition of
risk

redundancy /
consensus

makes the failures
of several
judgments
decorrelate

lowers the joint
failure probability
Pr(all fail)

optimal screening spends the
information budget
where the marginal
return is highest

allocates 𝐵 to
maximize the cut in
uncertainty

calibration puts a truthful
price on residual
risk

makes Pr(fail)
known, so you can
bet on it

decay / fencing /
containment

shrinks the blast
radius

lowers Cost(fail)

audit trail moves checking
from before the fact
to after it

shifts the timing of
checking, turning
an irrecoverable
failure into a
recoverable one

Read this table, and the feeling that it is “an assembled list”
should loosen a little. The eight moves are not eight tools gath-
ered at random; they take up, between them, the positions of “Pr,
knowledge of Pr, cost, budget allocation, timing of checking, def-
inition of the target,” filling almost one by one the places where
that decomposition can be acted upon. The proposition can then
be put this way: if these really are all the levers there are, then
this set of moves is complete, and the convergence is thereby ex-
plained, since any capable actor will sooner or later rediscover
them, because there is nothing else to pull.
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Figure 11: The eight moves mapped onto different parts of the
decomposition of risk (a candidate organizing scheme, not a the-
orem)

Why This Can Cross Substrates

If the above holds, it explains, in passing, the puzzle the book
opened with: why mathematicians, engineers, and organizations
would, without prior agreement, reach for these same eight moves.

In studying vision, Marr17 distinguished three levels: the com-
putational level (what problem is to be solved, under what con-
straints), the algorithmic level (what representations and pro-
cesses are used), and the implementational level (what hardware
it runs on). The eight moves live at the computational level; they
are the answer to “given the constraint of unverifiability, which
few places can logically still be acted upon,” and that answer does
not depend on whether you are a carbon-based mathematician, a
silicon-based program, or a bureaucracy made of people. The
substrate varies wildly, yet the constraint at the computational
level is one and the same, so the responses converge. Simon’s
bounded rationality12 and his “sciences of the artificial”13 speak
of precisely this kind of behavior: shaped by the constraints of
the environment rather than by the internal makeup of the actor.
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Here we must also bring in the no free lunch theorem (Wolpert
and Macready25). It says: averaged over all possible problems,
no method outperforms another. This knife cuts both ways. On
one side, it supports the book’s restraint: there is no universal
solution, you must lean on the specific structure of the problem to
choose a lever, which is exactly why the five faces must be treated
separately. On the other side, it warns: anyone who claims to have
“found the unifying key,” myself included, should rein in some of
their pride. When you cannot even pin down the probability of
failure, the levers grow robust versions: Gilboa and Schmeidler’s
maxmin expected utility20, Hansen and Sargent’s robust control30,
decision-making under Knightian uncertainty, are all moves that
still mount a defense against the worst case even when Pr itself is
ambiguous.

A Strong Claim That Must Be Amplified

Now amplify the unflattering part.

The scheme above is a candidate organizing structure, not a the-
orem. That decomposition of risk is informal; I have given no
rigorous model of actor and environment, and so I cannot prove
that the optimal strategy is exactly these eight levers. “These are
all the levers there are” is an assertion, not an established result.
I have no evidence that this table is exhaustive, nor can I rule out
that it is merely a post hoc framework: a narrative flexible enough
to stuff many sets of moves into. Some of the assignments in the
table (for instance, redundancy both lowers joint failure and looks
like a special kind of screening) even overlap, which itself shows
that this decomposition is not yet clean.

I place it here because it has organizing force and explanatory
appeal, not because it has been proved. It meets the standard of
a good conjecture: clear, refutable, able to unify a large mass of
phenomena. But it has not yet risen to a theorem.
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So the final question becomes unavoidable: is this cross-domain
convergence a law forced out by something, or merely a strong
but, in the end, empirical pattern? The next chapter settles the
account with it, head-on and squarely.
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ting behavior, and that avoiding a sure-loss combination (a
Dutch book) requires those degrees of belief to obey the
axioms of probability. This is the founding work of sub-
jective probability, and it provides the philosophical and
operational basis for this chapter’s “putting an honest price
on residual risk.”

8. B. de Finetti (1937). “La prévision: ses lois logiques, ses
sources subjectives.” Annales de l’Institut Henri Poincaré,
7(1), 1-68. [2] De Finetti proposed subjective probability
and backed it with the Dutch-book argument and the rep-
resentation theorem for exchangeability, arguing that prob-
ability is “only” a coherent personal degree of belief. To-
gether with Ramsey it forms the cornerstone of Bayesianism,
an essential source for understanding calibration and honest
pricing.

9. F. J. Anscombe and R. J. Aumann (1963). “A Definition of
Subjective Probability.” The Annals of Mathematical Statis-
tics, 34(1), 199-205. [2] The two authors, by introducing ob-
jective randomizing devices (such as roulette lotteries), gave
an axiomatization of subjective probability and utility more
compact than Savage’s. This framework later became the
standard stage for ambiguity decision theory, and the sev-
eral ambiguity-aversion works cited in this chapter are built
upon it.

10. D. Ellsberg (1961). “Risk, Ambiguity, and the Savage Ax-
ioms.” The Quarterly Journal of Economics, 75(4), 643-669.
[2] Ellsberg used two famous ball-drawing experiments to
show that people systematically prefer known probabilities
and avoid “ambiguity,” a behavior that violates Savage’s
axioms and cannot be explained by any single subjective
probability. It established ambiguity as an independent phe-
nomenon, and is the direct motivation for the subsequent
robust and multiple-prior theories.

11. R. D. Luce and H. Raiffa (1957). Games and Decisions:
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Introduction and Critical Survey. John Wiley & Sons. [2][4]
This book is a classic introduction to, and critical survey of,
game theory and decision theory, both laying out expected
utility and game solution concepts clearly and candidly dis-
cussing the limits of applicability of each axiom. It suits the
reader as a general entry point into the chapter’s decision-
theoretic background, at once systematic and critical.

12. H. A. Simon (1955). “A Behavioral Model of Rational
Choice.” The Quarterly Journal of Economics, 69(1),
99-118. [2] Simon here proposed bounded rationality and
“satisficing”: an actor limited by cognition and information
does not seek the global optimum, but searches until it
finds an option good enough and then stops. This is the
core support for this chapter’s argument that “constraints
at the computational level shape behavior,” explaining why
different substrates converge on the same set of responses.

13. H. A. Simon (1969). The Sciences of the Artificial. MIT
Press. [2][3] Simon argued that the behavior of an artifact
is determined more by the constraints of the environment
it inhabits than by its internal construction, and called for
founding “design” as a discipline of artificial systems. This
chapter draws on it to argue that the eight moves live at
Marr’s computational level, being shaped by the constraints
of the environment rather than the internal makeup of the
actor.

14. K. R. Popper (1959). The Logic of Scientific Discovery.
Hutchinson. [2][3] Popper systematically proposed falsifica-
tionism: a scientific theory cannot be empirically verified,
only refuted, so falsifiability becomes the line between sci-
ence and non-science. When this chapter admits at the
close that its decomposition “rises to a good conjecture but
not yet to a theorem,” it is using precisely this measure of
refutability.

15. A. Tversky and D. Kahneman (1974). “Judgment under Un-
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certainty: Heuristics and Biases.” Science, 185(4157), 1124-
1131. [2] Tversky and Kahneman documented the heuristics
people use in judging probability (representativeness, avail-
ability, anchoring) and the systematic biases they bring. It
shows how real actors deviate from the Bayesian ideal, form-
ing a contrast with moves such as calibration and optimal
screening that require an honest estimate of probability.

16. D. Kahneman and A. Tversky (1979). “Prospect Theory:
An Analysis of Decision under Risk.” Econometrica, 47(2),
263-291. [2] Prospect theory holds that people evaluate out-
comes by gains and losses relative to a reference point, rather
than by final wealth, are more sensitive to losses, and distort
probability weights in a nonlinear way. It is a descriptive
correction to expected utility, reminding the reader that cost
and probability do not multiply neutrally in real decisions.

17. D. Marr (1982). Vision: A Computational Investigation into
the Human Representation and Processing of Visual Infor-
mation. W. H. Freeman. [2][3] Marr proposed three levels
for analyzing an information-processing system: the compu-
tational level (what problem is to be solved), the algorithmic
level (what representations and processes are used), and the
implementational level (what hardware it runs on). This
chapter draws on exactly this hierarchy to argue that the
eight moves live at the computational level and can there-
fore cross carbon-based, silicon-based, and organizational
substrates.

18. J. O. Berger (1985). Statistical Decision Theory and
Bayesian Analysis. Springer-Verlag. [2][4] Berger system-
atically organized the statistical decision theory at the
meeting point of the Bayesian and frequentist schools,
covering loss functions, risk, admissibility, and robust
Bayesian analysis. It is the standard reference for ground-
ing this chapter’s informal decomposition of risk in rigorous
statistical language.
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19. D. E. Bell, H. Raiffa and A. Tversky (eds.) (1988). Decision
Making: Descriptive, Normative, and Prescriptive Interac-
tions. Cambridge University Press. [2][4] This collection
is organized around three orientations in decision research:
descriptive (how people actually decide), normative (how ra-
tionality ought to proceed), and prescriptive (how to help
people decide better), and discusses how the three interact.
It gives the reader a map for placing the work of each school,
echoing this chapter’s repeated weighing between the norma-
tive and the empirical.

20. I. Gilboa and D. Schmeidler (1989). “Maxmin Expected
Utility with Non-Unique Prior.” Journal of Mathematical
Economics, 18(2), 141-153. [2][4] Gilboa and Schmeidler
gave an axiomatization for ambiguity decision-making: the
actor holds a set of priors and evaluates an action by the
least favorable among them, that is, a maxmin expected
utility over the set of priors. This is exactly the move this
chapter describes as “still mounting a defense against the
worst case even when Pr itself is ambiguous,” a representa-
tive formalization of robust decision-making.

21. D. Schmeidler (1989). “Subjective Probability and Ex-
pected Utility without Additivity.” Econometrica, 57(3),
571-587. [2] Schmeidler introduced non-additive subjective
probability (capacities) and the corresponding Choquet
expected utility, making ambiguity aversion representable
in a consistent way. Together with the preceding entry
it is a founding work of ambiguity decision theory, loos-
ening, along another technical route, the constraint that
probability must be additive.

22. P. Walley (1991). Statistical Reasoning with Imprecise Prob-
abilities. Chapman and Hall. [2][4] Walley systematically
developed the theory of imprecise probabilities, characteriz-
ing belief under insufficient evidence with upper and lower
probabilities (or a set of probabilities), and gave the corre-
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sponding criteria for coherence and inference. It provides a
complete statistical language for the predicament of “cannot
even pin down the probability,” and is the deep theoretical
backing for the calibration and robustness lines of thought.

23. G. Gigerenzer and D. G. Goldstein (1996). “Reasoning the
Fast and Frugal Way: Models of Bounded Rationality.” Psy-
chological Review, 103(4), 650-669. [2] Gigerenzer and Gold-
stein argued that simple “fast and frugal” heuristics can, in
real environments, often match or even outperform complex
models, exhibiting a kind of ecological rationality. It com-
pletes Simon’s bounded rationality from the positive side,
explaining why simple rules may be exactly the reasonable
choice when the information budget is limited.

24. D. H. Wolpert (1996). “The Lack of A Priori Distinctions
between Learning Algorithms.” Neural Computation, 8(7),
1341-1390. [2] Wolpert proved the no free lunch result for
supervised learning: averaged over all possible target func-
tions, any learning algorithm has the same generalization
performance. It shows that there is no universal learner in-
dependent of problem structure, and is the source, on the
learning side, of this chapter’s no free lunch argument.

25. D. H. Wolpert and W. G. Macready (1997). “No Free
Lunch Theorems for Optimization.” IEEE Transactions on
Evolutionary Computation, 1(1), 67-82. [2] Wolpert and
Macready extended no free lunch to optimization: averaged
over all possible objectives, no optimization algorithm out-
performs another. This chapter uses this double-edged knife
both to support the restraint that “one must lean on prob-
lem structure to choose a lever” and to warn anyone claiming
to have found the unifying key to rein in their pride.

26. I. Gilboa and D. Schmeidler (2001). A Theory of Case-
Based Decisions. Cambridge University Press. [2][4] The
two authors proposed case-based decision theory: when an
actor cannot articulate the state space and probability is
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out of the question, decisions can be driven by recall of
and analogy to past similar cases. It provides another nor-
mative model for the predicament in which the probability
framework breaks down entirely, broadening this chapter’s
imagination of how deep “unverifiable” can go.

27. T. F. Bewley (2002). “Knightian Decision Theory. Part I.”
Decisions in Economics and Finance, 25(2), 79-110. [2][4]
Bewley formalized Knightian uncertainty as the incomplete-
ness of preferences: when the evidence is insufficient to rank
two options, the actor may decline to choose, supplemented
by an inertia assumption that maintains the status quo. It
gives a clean axiomatic expression to “uncertainty that can-
not be priced,” and is the modern continuation of this chap-
ter’s Knightian theme.

28. P. Klibanoff, M. Marinacci and S. Mukerji (2005). “A
Smooth Model of Decision Making under Ambiguity.”
Econometrica, 73(6), 1849-1892. [2] The three authors
proposed a “smooth” model of ambiguity decision-making:
by layering a further utility function over a second-order
distribution on priors, it separates ambiguity attitude from
risk attitude and avoids the non-smooth kink of maxmin.
It makes the degree of ambiguity aversion tunable and
analyzable, a finer notch within the spectrum of robust
decision-making.

29. F. Maccheroni, M. Marinacci and A. Rustichini (2006).
“Ambiguity Aversion, Robustness, and the Variational
Representation of Preferences.” Econometrica, 74(6), 1447-
1498. [2][4] The authors gave the unified representation
of variational preferences, gathering maxmin expected
utility, multiplier (robust control) preferences, and others
as special cases, with ambiguity attitude characterized by
a penalty term on deviation. It mathematically links the
several robust moves mentioned in this chapter into one
family, its value lying in revealing their common skeleton.
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30. L. P. Hansen and T. J. Sargent (2008). Robustness. Prince-
ton University Press. [2][4] Hansen and Sargent brought
robust control from control theory into economic decision-
making: the decision-maker distrusts the model in hand
and so optimizes against the least favorable among a family
of nearby models, seeking robustness to specification error.
This is the main source of this chapter’s “robust control”
move, displaying a dynamic form of mounting a defense
against the worst case.

31. P. P. Wakker (2010). Prospect Theory: For Risk and Ambi-
guity. Cambridge University Press. [2] Wakker systematized
and axiomatized prospect theory, handling decision weights
under risk and ambiguity in a unified way, and provided op-
erational methods of measurement. It stitches descriptive
prospect theory together with normative ambiguity theory,
and is the authoritative monograph for the reader going
deeper into the theme of probability weighting.

32. I. Gilboa and M. Marinacci (2013). “Ambiguity and the
Bayesian Paradigm.” Advances in Economics and Econo-
metrics: Theory and Applications, Tenth World Congress
(D. Acemoglu, M. Arellano and E. Dekel, eds.). Cambridge
University Press. [2][4] This survey traces the whole line
of ambiguity decision-making and faces a fundamental ques-
tion head-on: in what sense the Bayesian paradigm suffices,
and where it needs to be replaced by models such as mul-
tiple priors. It is the best navigation into this chapter’s
cluster of ambiguity and robustness literature, and matches
this chapter’s restraint in attitude.

33. P. Bossaerts and C. Murawski (2017). “Computational
Complexity and Human Decision-Making.” Trends in
Cognitive Sciences, 21(12), 917-929. [2] The two authors
argued that many real decision problems are intractable in
computational complexity (such as the knapsack and other
NP-hard problems), and that the brain’s performance and
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strategies are shaped by this hard constraint. It provides
hard evidence for bounded rationality from the angle of
computational complexity, echoing this chapter’s core
claim that “constraints at the computational level force
convergence.”
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Chapter 14: Theorem or
Pattern?

Thesis: The book’s central reckoning. Is this cross-
domain convergence a theorem (something forces any
bounded actor facing the unverifiable to walk into
these moves), or merely a strong empirical pattern (we
keep seeing it, yet have not proved it must be so, and
a selection effect may explain the rhyme)?

This is the book’s chapter of reckoning. It puts the question I
have carried all along squarely on the table:

Is this cross-domain convergence a law (something forces any
bounded actor facing the unverifiable to walk, of necessity, into
these moves), or merely a very strong empirical pattern (we keep
seeing it, yet have not managed to prove it cannot be otherwise,
and a selection effect may by itself suffice to explain the rhyme)?

I will try to make both sides as hard as I can, including the side
that cuts against me. If this chapter leans at all, it should lean
toward doubt.
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The Side for “Law”

The first thread is that lever decomposition from the previous
chapter. If the eight moves really do occupy every position the
risk decomposition leaves open to attack, then the convergence
is not coincidence but something forced out by structure: any
capable actor will sooner or later rediscover them, because there
is no other choice. If this argument holds, its weight is great.

The second thread is independent rediscovery. In the sociology of
science, Merton studied the phenomenon of “multiple discovery”:
the same idea is often arrived at, almost simultaneously and in-
dependently, by people who knew nothing of one another12. The
calculus had Newton and Leibniz; natural selection had Darwin
and Wallace; the patent applications for the telephone saw Bell
and Gray file on the very same day. Examples like these crowd the
history of science in numbers too large to look like chance. The
eight moves of this book were likewise reinvented again and again
across cryptography, statistics, number theory, organization the-
ory, and security engineering, fields that at the time were not
much in communication. If a thing keeps being stumbled upon
independently, the scent is more of necessity than of borrowing.

The third thread comes from a firm precedent within science. The
renormalization group and universality classes in physics show
that systems of wildly different structure converge, near a criti-
cal point, to exactly the same behavior, and there it really is a
theorem17,18. One astonishingly concrete fact: the behavior of a
liquid near its critical point and the behavior of a magnet near its
Curie point are described by the same set of “critical exponents.”
Molecules and magnetic moments have nothing to do with each
other, yet they fall into the same universality class, because what
governs critical behavior is coarse-grained features like symme-
try and dimension, not microscopic detail. Wimsatt’s robustness
analysis says a conclusion that can be reached again and again
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by many mutually independent routes is more likely to be true20.
Whewell’s 1840 “consilience of inductions”11 and Wigner’s essay
“The Unreasonable Effectiveness of Mathematics” 22 both speak
to the credibility that such cross-domain convergence brings. Con-
vergence has always been one of science’s ancient signals that “this
is the real thing.”

The Side for “Pattern, or Weaker”

Now for what cuts against me, and I think this side weighs no less
than the other.

The most lethal blow is that those fields are not nearly as inde-
pendent as they look. They share one mathematical substrate,
probability, optimization, information theory, soaking into the
roots of every field; they share one human cognition, since these
disciplines were all built by the same kind of brain; and they bor-
row and cite from one another, never sealed off, with Shannon’s
information theory flowing into almost everything and the lan-
guage of decision theory diffusing everywhere. If the convergence
is only because everyone draws from the same mathematical tool-
box, is shaped by the same kind of mind, and has been imitating
one another all along, then “independent rediscovery” is heavily
discounted, and the so-called convergence may be only the echo
of a common origin.

Second, that lever decomposition may well be an after-the-fact
frame. Is it perhaps merely flexible enough to fit many sets of
moves inside it? The table in the previous chapter already showed
its hand: redundancy was filed under “decorrelating joint failure”
yet also looked like a special case of screening, and the overlap
in placement shows that the ruler itself is not hard enough. Den-
nett raised a key question: when does a pattern count as real,
rather than imposed13? The criterion is its predictive and com-
pressive power; a real pattern lets you predict something new. My
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framework, so far, has mainly organized known moves rather than
predicted a move never before seen and later confirmed. That is
a test it has not yet passed.

Third, the selection effect. I went into these fields with eyes set on
“finding convergence,” so I may well have unconsciously filtered
out the fields and counterexamples that did not fit, keeping only
what rhymed. The replication crisis is the loudest alarm of all:
an empirical pattern that looks utterly robust may be only the
product of systematic bias29,30. I have no reason to assume I am
immune to such bias.

Fourth, even if the convergence is real, it need not point to a deep
law. Laudan’s pessimistic meta-induction reminds us that one
successful theory after another in history was later overturned6;
converging on a pattern is not the same as converging on truth.
Cartwright argues that the fundamental laws do not in fact de-
scribe the world truthfully14, and Anderson’s “more is different”
points out that higher levels have laws of their own15; perhaps
this book’s convergence is no more than a regularity at the scale
of a “special science,” not some fundamental law. Worrall’s struc-
tural realism offers a middle path7: perhaps what truly survives
is the structure (these levers themselves), even if the gloss I wrap
around it is wrong.

What It Would Take to Settle It

To truly close this question, one would need something I cannot
supply: a formal model of “a bounded actor plus an unverifiable
system,” together with a theorem proving that, under that model,
the optimal, or the unique, strategy is exactly these few levers. To
my knowledge, no such model yet exists. The closest real theorem
is no free lunch24, and it points, of all directions, the other way:
there is no universally dominant method. Until that model and
that theorem appear, the question is open, and I do not intend to
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pretend it has closed.

So let me state plainly what this book delivers: it is a conjecture,
a strong, useful conjecture whose boundaries have been drawn
plainly, together with a shared vocabulary that can string many
fields together. It is not a theorem. This is precisely the posture
the book has recommended throughout, a calibrated belief, not a
binary verdict.

A Recursive Close

Here, a thing long buried finally surfaces: a book about how to
act under unverifiability cannot verify its own central claim.

This sounds like an awkward self-reference, but it is in fact the
book’s most candid moment. Facing a central claim it cannot
itself verify, it has no other choice but to do the very thing it
describes throughout. It states a calibrated belief (I think this
convergence is real, but cannot give a proof). It draws the bound-
aries of the claim (this is a conjecture, not a theorem). It openly
invites refutation (go find a field that does not converge, go find
the counterexample where one move breaks the decomposition;
that would be its black swan). And then it goes on speaking any-
way, goes on handing you this vocabulary, because it is useful,
even if unproven.

In other words, the book has personally rehearsed its own set
of moves: it used proxy substitution (replacing “prove the con-
vergence” with “exhibit and organize the convergence”), it used
calibration (pricing its own confidence), and it used a falsification-
ist audit trail (writing down, in black and white, an assertion that
can be overturned). A self-referential system cannot fully justify
itself from within, a fate we ought long since to have grown used
to26,27,25. But the inability to prove itself from within does not
mean it cannot act. If the book’s thesis is right, then this “writing
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itself in the very way it describes” is not a defect but a faint yet
fitting piece of corroborating evidence.

So a last question follows. If verification is usually unavailable,
and even this book can offer only an unproven belief, then what
exactly is that great heap of things we ordinarily call “knowledge”?
The next chapter sets its landing point on epistemology.
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structionist” inference: even if everything is composed
of fundamental particles obeying fundamental laws, it
does not follow that higher-level behavior can be derived
from those laws. With each step up in scale, wholly new,
self-contained regularities emerge. The paper appears in
volume 177, issue 4047, pages 393 to 396 (August 4, 1972).
It supports a weakened reading of this chapter: the book’s
convergence may be only a regularity at the scale of some
“special science,” not a fundamental law.

16. H. A. Simon (1962). “The Architecture of Complexity.”
Proceedings of the American Philosophical Society, 106(6).
[2][3] Simon argues that complex systems that evolve sta-
bly and endure tend to be hierarchical and “nearly decom-
posable,” with interactions within a subsystem far stronger
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than those between subsystems, and uses the parable of the
watchmakers to show that systems with stable intermediate
parts are more easily assembled. The paper appears in vol-
ume 106, issue 6, pages 467 to 482. It gives cross-domain
convergence yet another “common origin” explanation: dif-
ferent fields may stumble on similar structures because com-
plex systems are subject to the same set of architectural
constraints.

17. K. G. Wilson (1979). “Problems in Physics with Many
Scales of Length.” Scientific American, 241(2). [2][3] Wilson
explains the renormalization group to a general readership:
when a system spans many length scales (as near a critical
point), it can be handled by coarse-graining step by step,
thereby explaining why systems with wildly different micro-
scopic details fall into the same “universality class” and ex-
hibit exactly the same critical behavior. The paper appears
in volume 241, issue 2, pages 158 to 179 (August 1979). It
is the hardest physical evidence for this chapter’s side for
“law,” because there the convergence of different systems to
the same behavior is a provable theorem.

18. R. W. Batterman (2002). The Devil in the Details: Asymp-
totic Reasoning in Explanation, Reduction, and Emergence.
Oxford University Press. [2][3] Batterman analyzes “asymp-
totic reasoning” in physics: many explanations (especially
of universality phenomena) depend on the singular behav-
ior that emerges when some limit is taken (such as a scale
going to zero or infinity), and such explanations cannot be
simply reduced to the underlying theory, residing precisely
where the details vanish. The book was published by Ox-
ford University Press (cover year usually marked 2002, some
reviews dating it 2001 from the pre-publication catalog). It
offers philosophical analysis for this chapter’s side for “law”:
cross-domain convergence may hold precisely because of this

243



asymptotic universality, independent of microscopic detail.

19. R. Levins (1968). Evolution in Changing Environments:
Some Theoretical Explorations. Princeton University
Press. [2][3] Levins, through a series of theoretical models,
explores how organisms evolve in fluctuating, uncertain
environments, introducing tools such as the “fitness set” to
analyze which strategy is optimal under variable conditions,
throughout a modeling style that approximates complex
reality with multiple simplified models. The book was
published by Princeton University Press in 1968 (Mono-
graphs in Population Biology, no. 2). The multi-model,
approximate modeling it represents is a biological forerun-
ner of Wimsatt’s robustness analysis, echoing this chapter’s
emphasis on “the convergence of many independent routes.”

20. W. C. Wimsatt (1981). “Robustness, Reliability, and
Overdetermination.” In M. B. Brewer and B. E. Collins
(eds.), Scientific Inquiry and the Social Sciences. Jossey-
Bass. [3][2] Wimsatt systematically expounds “robustness
analysis”: if a conclusion can be reached again and again by
many mutually independent routes of detection, derivation,
or measurement, then it is more likely to be true rather
than an artifact of one means, and this “overdetermination”
is the key to telling real things from artifacts. The paper
appears in that collection, pages 125 to 163. It is the
methodological core of this chapter’s “why cross-domain
convergence is credible,” and just the argument on which
the side for “law” leans.

21. W. C. Wimsatt (2007). Re-Engineering Philosophy for Lim-
ited Beings: Piecewise Approximations to Reality. Harvard
University Press. [3][4] Wimsatt argues for remaking the
philosophy of science into a tool fit for “limited beings”:
real knowers have bounded computation, are error-prone,
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and are trapped in their own perspective, and so rely on
heuristics, approximation, and piecewise approximation to
inch toward reality rather than pursuing idealized complete
rationality. The book was published by Harvard University
Press in 2007. It is highly attuned to this book’s theme,
answering head-on how a bounded actor advances science
in an unverifiable world and lives accordingly.

22. E. P. Wigner (1960). “The Unreasonable Effectiveness of
Mathematics in the Natural Sciences.” Communications on
Pure and Applied Mathematics, 13(1). [2][3] Wigner marvels
at a fact: mathematics developed for purely internal motives
turns out, again and again, to describe natural laws with
precision, a fit he calls “a wonderful gift which we neither
understand nor deserve.” The paper appears in volume 13,
issue 1, pages 1 to 14, from the 1959 Courant Lecture. It is
the prototype of the “theorem or pattern” question: is the
cross-domain effectiveness of mathematics a necessity, or a
vast rhyme we cannot yet explain?

23. H. Putnam (1975). Mathematics, Matter and Method:
Philosophical Papers, Volume 1. Cambridge University
Press. [2][3] This collection gathers Putnam’s early papers
on the philosophy of mathematics and scientific realism,
among them “What is Mathematical Truth?”, which gives
the classic statement of the “no-miracles argument”: real-
ism is the only philosophy that does not make the success of
science a miracle, for if the entities in a theory did not exist,
the success of its predictions would be inexplicable. The
paper appears at pages 60 to 78. It is a positive weapon for
this chapter’s side for “law,” set squarely against Laudan’s
pessimistic meta-induction.

24. D. H. Wolpert and W. G. Macready (1997). “No Free Lunch
Theorems for Optimization.” IEEE Transactions on Evolu-
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tionary Computation, 1(1). [2][3] Wolpert and Macready
prove the “no free lunch” theorem: averaged over all pos-
sible objective functions, any two optimization algorithms
have exactly the same expected performance, so there is
no universally dominant algorithm, and any algorithm’s ad-
vantage is bought with specific assumptions about problem
structure. The paper appears in volume 1, issue 1, pages 67
to 82. It is a real theorem this chapter takes as a contrast,
and one that points, of all directions, against me, reminding
us that conclusions of the “unique optimal strategy” kind
require very strong premises.

25. D. R. Hofstadter (1979). Gödel, Escher, Bach: An Eternal
Golden Braid. Basic Books. [2][4] Hofstadter, through
Gödel’s incompleteness, Escher’s visual paradoxes, and
Bach’s canons, weaves a common motif: self-reference
and “strange loops,” and from it explores how mind and
meaning emerge from meaningless formal hierarchies. The
book was published by Basic Books in 1979 and won the
Pulitzer Prize for nonfiction. It renders self-reference and
recursive closure as an art, echoing this chapter’s moment
when a book cannot prove itself from within yet still writes
itself “in the way it describes.”

26. E. Nagel and J. R. Newman (1958). Gödel’s Proof. New
York University Press. [2][4] Nagel and Newman, with as
little technical detail as possible, make clear to the general
reader the proof strategy of Gödel’s first and second incom-
pleteness theorems: any sufficiently strong consistent formal
system contains true propositions it cannot prove, and can-
not prove its own consistency from within. The book was
published by New York University Press in 1958. It provides
a readable and accurate basis for this chapter’s account of
the “intrinsic limits of formal systems” and of how “a self-
referential system cannot prove itself from within.”
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27. G. J. Chaitin (1982). “Gödel’s Theorem and Information.”
International Journal of Theoretical Physics, 21(12). [2][3]
Chaitin reinterprets incompleteness through algorithmic in-
formation theory: the information content implied by a for-
mal system’s axioms is finite, so it cannot prove any propo-
sition whose complexity exceeds that content (such as that
a sufficiently long random bit string is indeed random), and
incompleteness is thereby reduced to an information ceiling.
The paper appears in volume 21, issue 12, pages 941 to 954.
It pins down the intrinsic limits of formal systems from the
angle of information, providing another formal ground for
the “unverifiable world.”

28. M. Mitchell (2009). Complexity: A Guided Tour. Oxford
University Press. [2][3] Mitchell surveys the science of com-
plex systems for the general reader: from information, com-
putation, and evolution to networks, introducing themes
such as emergence and self-organization that recur across
biological, computational, and social systems, and frankly
admitting that the field still lacks a unified theory. The book
was published by Oxford University Press in 2009. It pro-
vides a reliable introductory map to the state of research on
cross-domain common patterns, and reminds us that these
patterns remain, to this day, mostly empirical observation
rather than theorem.

29. J. P. A. Ioannidis (2005). “Why Most Published Research
Findings Are False.” PLoS Medicine, 2(8). [3][4] Ioannidis
uses a statistical model to argue that under conditions of
small samples, small effects, large researcher degrees of free-
dom, and pervasive interests and bias, the probability that a
published “positive” finding is true often falls below one half.
The paper appears in volume 2, issue 8, e124 (August 2005).
It is a classic alarm of metascience, reminding this chapter
that a seemingly robust empirical pattern may be only the
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product of systematic bias, against which the author has no
reason to assume immunity.

30. Open Science Collaboration (2015). “Estimating the Re-
producibility of Psychological Science.” Science, 349(6251).
[3][4] The Open Science Collaboration, coordinating over a
hundred researchers, replicated one hundred published psy-
chological studies, with only about a third of the replications
yielding an effect significant and in the same direction as the
original, and replication effect sizes generally smaller than
originally reported. The paper appears in volume 349, issue
6251, article number aac4716. It turns the “replication cri-
sis” from worry into quantifiable fact, providing this chapter
with direct and weighty empirical data on whether a strong
empirical pattern is truly robust.
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Chapter 15: Knowledge
Without Verification

Thesis: Where epistemology comes to rest. If veri-
fication is usually unavailable, then most of what we
call knowledge is knowledge without verification; and
to be capable is not to “know that you are right,” but
to “act well, and hold a good calibration of the ways
you might be wrong.”

The previous chapter forced a question. If verification is usually
unavailable, if even this book can offer only an unproven belief,
then what exactly is that great heap of things we ordinarily call
“knowledge”? This chapter sets its resting point in epistemology.

Redefining “Knowing”

In the philosophy textbooks, knowledge is “justified true belief,”
and best of all with a proof attached. For a bounded actor, that
standard is simply out of reach on almost everything with con-
sequences: either there is no decision procedure, or the cost ex-
plodes, or the state is hidden, or there is not enough time, or
someone on the other side is working against you. By that stan-
dard, we “know” almost nothing.

So we need a different definition, one fit for a finite being. Not
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“knowing that you are right,” but holding a well-calibrated belief,
keeping the ways you might err under control. To be capable is
not to know the truth for certain, but to act well while keeping
a clear-eyed sense of the ways you might be wrong. Once that
turn is made, those eight moves cease to be merely an engineering
toolbox; they are promoted into an epistemology, a set of methods
for “how to hold a belief and act on it when the oracle never
comes.”

Science, the Early Prototype of This Stance

This is no new invention. Humanity’s most serious institution
for seeking knowledge has been doing it all along. Science never
claims to verify; it says only “not yet falsified,” exactly the point
of Chapter 3. Science as a whole is a machine optimized for “hold-
ing belief and acting under unverifiability.” The philosophers, too,
said it plainly long ago. Dewey’s 1929 book The Quest for Cer-
tainty10 is a diagnosis in its very title: human beings spend too
much energy chasing a certainty that simply does not exist in the
domain of action, whereas the true function of knowledge is to
guide action, not to provide insurance. James’s The Will to Be-
lieve9 goes further: for some things you must take a stand before
the evidence is in, and in that situation choosing to believe and
to wager is legitimate, not an intellectual carelessness. Polanyi’s
personal knowledge8 reminds us that every “knowing” carries a
personal commitment that exceeds what can be proved. Put to-
gether, these amount to a mature stance: knowledge is not a
certainty waited for, but a calibrated belief put into action.

The Eight Moves, Read as an Epistemology

So we can reread those eight moves, this time not as engineering
but as knowing.
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The certificate is to understand one small slice thoroughly and
hold the rest in doubt. Calibration is to hold graded beliefs can-
didly, instead of pretending to a black-and-white verdict. Re-
dundancy is to triangulate, using several mutually independent
vantage points, on something you cannot see directly. The proxy
is to grasp the true target you cannot grasp by way of a tractable
stand-in, while staying wary of its betrayal at the Goodhart point.
Screening is to spend your limited attention where it will update
you the most. The oracle is to appeal, where your own judgment
falls short, to a more reliable judgment. Decay and the audit trail
are the floor that keeps you “acting well”: when you put a belief
into practice, you make sure that if it turns out wrong, the loss
can be borne, the error can be found, and it can still be corrected.
Taken together, this is a usable epistemology for a finite being.

Intuition, Expertise, and the Truth About
Judgment

Brought down to a particular person, how exactly does the highly
skilled one manage this? This is the most concrete part of way-
point 4, and also the part most easily either mythologized or dis-
missed with a wave of the hand, so it has to be stated precisely.

On expert judgment, psychology has accumulated a great deal
of evidence that is not always comfortable. Meehl in 19545 and
Dawes in 197912 found that in many domains a simple statistical
model beats the clinical intuition of experts. But another line of
research offers a complementary picture. Klein’s naturalistic de-
cision making17, Schön’s “reflective practitioner”13, the Dreyfus
brothers14, and Ericsson’s research on deliberate practice15 show
that in environments with ample feedback and stable regularities,
experts can develop reliable intuition, which is at bottom a well-
calibrated pattern recognition honed by feedback. Gigerenzer’s
fast-and-frugal heuristics16 add that simple rules work because
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they have grasped the structure of the environment (ecological
rationality). The most even-handed synthesis comes from Kahne-
man and Klein’s 2009 “failure to disagree”24: whether intuition
is worth trusting depends on the environment. In high-validity,
learnable environments it is trustworthy; in low-validity, noise-
filled environments it is self-deception.

This is precisely the human-shaped version of this book’s episte-
mology. Intuition is neither magic nor garbage; it is a capacity for
calibration, and calibration itself can be trained. Tetlock’s Good
Judgment Project27, in a forecasting tournament run by the intel-
ligence community, picked out a group of ordinary people called
“superforecasters.” They held no classified clearances and were no
domain experts, yet through learnable habits, gathering evidence
from multiple angles, updating in small steps, and reviewing their
work severely, they reportedly pushed their forecasting accuracy
to roughly thirty percent above professional analysts with access
to classified intelligence. To grant this is also to grant that de-
liberate ignorance is sometimes rational28, and that in the face
of the genuine uncertainty of Keynes3 and Knight1 (what Kay
and King29 call “radical uncertainty”), positioning oneself for ro-
bustness and antifragility along Taleb’s lines26 is often wiser than
pursuing precise prediction.

The Dignity of Acting Under Uncertainty

Synthesizing these observations, what emerges is a stance that is
neither the paralysis of the skeptic (since nothing can be made cer-
tain, nothing counts and nothing should be done) nor the pretense
of the dogmatist (enshrining a measurable number and pretend-
ing it is the unmeasurable truth). It is a third path: knowing
clear-eyed what you do not know, marking that not-knowing with
a scale, and acting well all the same.

There is a quiet dignity in this. To admit that verification is a
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luxury is not to concede defeat; it is to take the preconditions
of action seriously. A good judge does not prop himself up on
certainty; he relies on not inflating his own confidence, on naming
clearly the ways he might be wrong, and on the set of methods
that turns that clear-eyed accounting into action.

Closing the Arc Opened in the Preface

Back to the beginning. The ancient Greeks went to Delphi to
consult the oracle before setting out, and the computer scientists
named that black box which instantly returns the answer an oracle
too; the two share one fantasy: before you move, verify right and
wrong. This book has been about the world after that fantasy
breaks, and its final reply is this: the fantasy’s breaking does not
mean the end of knowing and acting, only that they must proceed
in a different way.

For a finite being, to know was never “to wait until a proof ar-
rived,” but “to hold a calibrated belief, and to have put it into ac-
tion.” The oracle will not answer, but that has never, and should
never, made us halt. What remains is to bring this down to a
particular person, and that is the work of the afterword.
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ports the findings of the Good Judgment Project: a few “su-
perforecasters” sustain accuracy higher than ordinary peo-
ple, relying not on talent but on a set of learnable habits,
gathering evidence from multiple angles, updating in small
steps, and reviewing severely. This chapter cites it to show
that calibration itself can be trained, and that forecasting
is a craft that can be improved.

28. R. Hertwig & C. Engel (2016). “Homo Ignorans: Deliber-
ately Choosing Not to Know.” Perspectives on Psychological
Science, 11(3), 359-372. [2][4] The two authors survey why
and how people actively choose not to know certain informa-
tion, arguing that “deliberate ignorance” is often a rational
response rather than a cognitive defect. This chapter uses
it to support a counterintuitive point: that sometimes not
checking, not knowing, is precisely the right decision-making
stance.

29. J. Kay & M. King (2020). Radical Uncertainty: Decision-
Making Beyond the Numbers. W. W. Norton. [2][4] Continu-
ing Knight and Keynes, Kay and King criticize the practice
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of forcing all uncertainty into probability models, arguing
that in the face of “radical uncertainty” one should instead
ask “what is really going on here” and act through narrative
and robust judgment. This book is the direct source of this
chapter’s phrase “radical uncertainty,” and a contemporary
echo of its overall keynote.
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Afterword: Learning to
Act Without Certainty

This book began with a structural inquiry: five faces, eight moves,
four levers, a cross-domain table, and a conjecture it admits has
not itself been proven. But it should end with a single person,
because in the end this matter is yours.

You will spend a whole life wagering your actions on things you
cannot verify. The code you write will ship with bugs you can
never finish hunting; the theory you believe will demand your
commitment before you have exhausted the evidence; the people
you love, the people you work with, the institutions you entrust
yourself to, not one of them can be verified before you place your
bet, and the choices that matter most to you are precisely the
least verifiable ones. The question was never whether you can be
certain; you cannot. The question is whether you can act well all
the same.

Everything in this book comes down to the method hidden inside
that “all the same.” On the small slice you can check, prove
something exactly, and hold the rest in plain doubt; use several
independent vantage points to triangulate what you cannot see
clearly; borrow a good-enough stand-in to get a grip on what you
cannot grasp, while watching closely for the moment it begins to
lie to you; spend your limited attention where it can most change
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your judgment; for judgments beyond your reach, ask someone
more reliable; and when you bet, bet in a way that lets you survive
losing, lets your errors be caught, and lets them be undone. These
are not tricks. They are the whole craft of a finite person living
clearly, and unparalyzed, in a world without oracles.

The ship is still in the fog. The captain never got the eyes that
could see through it after all. The charts go stale, the compass
drifts, the estimate of the current is forever only an estimate. Yet
she changed course all the same, not because she was sure no
reef lay ahead, but because staying put was every bit as much
a gamble, and she had done everything she could: checked the
charts, corrected the tables, left a margin, and prepared a plan
for abandoning ship should she strike the reef anyway. Then she
turned the rudder.

Learning to act without certainty is, in the end, learning to turn
the rudder like this. The fog will not lift. That is exactly why
you must learn.
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