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3D Object Representations

Modern CG aims to render 3D objects in real-time
[Akenine-Möller et al., 2018].
3D Objects has many representations:

Volumetric Point Cloud Polygonal Mesh
Memory Efficiency Poor Not good Good
Textures Not good No Yes

Most of the objects are represented via triangulated meshes.
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Mesh Simplification 101
Mesh Simplification is one of the key phase in 3D surface reconstruction
(modeling).

Figure: High Polygonal and Low Polygonal Representation

Two common techniques:
Reduction: polygon reduction
Remeshing: topological
reconstruction

Process: M0 (Initial Mesh) → M1

→ M2 → ... → M∗ (Ideal Mesh)
Factors: #polygons, viewport, ...

#polys

poor

visual
appearance

perfect

ideal

Space of meshes

M0
<latexit sha1_base64="lDszniCoPLpvVKgnO+1NS8sZZQk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiFy9CRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8c3Mbz9xbUSsHnGScD+iQyVCwSha6eGu7/bLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDKz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWti6rnVr37y0r9Oo+jCCdwCufgQQ3qcAsNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx/Im410</latexit><latexit sha1_base64="lDszniCoPLpvVKgnO+1NS8sZZQk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiFy9CRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8c3Mbz9xbUSsHnGScD+iQyVCwSha6eGu7/bLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDKz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWti6rnVr37y0r9Oo+jCCdwCufgQQ3qcAsNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx/Im410</latexit><latexit sha1_base64="lDszniCoPLpvVKgnO+1NS8sZZQk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiFy9CRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8c3Mbz9xbUSsHnGScD+iQyVCwSha6eGu7/bLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDKz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWti6rnVr37y0r9Oo+jCCdwCufgQQ3qcAsNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx/Im410</latexit><latexit sha1_base64="lDszniCoPLpvVKgnO+1NS8sZZQk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiFy9CRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8c3Mbz9xbUSsHnGScD+iQyVCwSha6eGu7/bLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDKz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWti6rnVr37y0r9Oo+jCCdwCufgQQ3qcAsNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx/Im410</latexit>

M⇤<latexit sha1_base64="+WEgTlzN7636O6CZgK+/9uoqtBY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXgRKtoPaEPZbDft0s0m7E6EEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCCRwqDrfjuFldW19Y3iZmlre2d3r7x/0DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjG6mfuuJayNi9YjjhPsRHSgRCkbRSg93vbNeueJW3RnIMvFyUoEc9V75q9uPWRpxhUxSYzqem6CfUY2CST4pdVPDE8pGdMA7lioaceNns1Mn5MQqfRLG2pZCMlN/T2Q0MmYcBbYzojg0i95U/M/rpBhe+ZlQSYpcsfmiMJUEYzL9m/SF5gzl2BLKtLC3EjakmjK06ZRsCN7iy8ukeV713Kp3f1GpXedxFOEIjuEUPLiEGtxCHRrAYADP8ApvjnRenHfnY95acPKZQ/gD5/MHv4ONbg==</latexit><latexit sha1_base64="+WEgTlzN7636O6CZgK+/9uoqtBY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXgRKtoPaEPZbDft0s0m7E6EEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCCRwqDrfjuFldW19Y3iZmlre2d3r7x/0DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjG6mfuuJayNi9YjjhPsRHSgRCkbRSg93vbNeueJW3RnIMvFyUoEc9V75q9uPWRpxhUxSYzqem6CfUY2CST4pdVPDE8pGdMA7lioaceNns1Mn5MQqfRLG2pZCMlN/T2Q0MmYcBbYzojg0i95U/M/rpBhe+ZlQSYpcsfmiMJUEYzL9m/SF5gzl2BLKtLC3EjakmjK06ZRsCN7iy8ukeV713Kp3f1GpXedxFOEIjuEUPLiEGtxCHRrAYADP8ApvjnRenHfnY95acPKZQ/gD5/MHv4ONbg==</latexit><latexit sha1_base64="+WEgTlzN7636O6CZgK+/9uoqtBY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXgRKtoPaEPZbDft0s0m7E6EEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCCRwqDrfjuFldW19Y3iZmlre2d3r7x/0DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjG6mfuuJayNi9YjjhPsRHSgRCkbRSg93vbNeueJW3RnIMvFyUoEc9V75q9uPWRpxhUxSYzqem6CfUY2CST4pdVPDE8pGdMA7lioaceNns1Mn5MQqfRLG2pZCMlN/T2Q0MmYcBbYzojg0i95U/M/rpBhe+ZlQSYpcsfmiMJUEYzL9m/SF5gzl2BLKtLC3EjakmjK06ZRsCN7iy8ukeV713Kp3f1GpXedxFOEIjuEUPLiEGtxCHRrAYADP8ApvjnRenHfnY95acPKZQ/gD5/MHv4ONbg==</latexit><latexit sha1_base64="+WEgTlzN7636O6CZgK+/9uoqtBY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXgRKtoPaEPZbDft0s0m7E6EEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCCRwqDrfjuFldW19Y3iZmlre2d3r7x/0DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjG6mfuuJayNi9YjjhPsRHSgRCkbRSg93vbNeueJW3RnIMvFyUoEc9V75q9uPWRpxhUxSYzqem6CfUY2CST4pdVPDE8pGdMA7lioaceNns1Mn5MQqfRLG2pZCMlN/T2Q0MmYcBbYzojg0i95U/M/rpBhe+ZlQSYpcsfmiMJUEYzL9m/SF5gzl2BLKtLC3EjakmjK06ZRsCN7iy8ukeV713Kp3f1GpXedxFOEIjuEUPLiEGtxCHRrAYADP8ApvjnRenHfnY95acPKZQ/gD5/MHv4ONbg==</latexit>

M1
<latexit sha1_base64="MGvmM5xMPD4/J5iXoaa4R8gsR3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiFy9CRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8c3Mbz9xbUSsHnGScD+iQyVCwSha6eGu7/XLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDKz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWti6rnVr37y0r9Oo+jCCdwCufgQQ3qcAsNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx/KH411</latexit><latexit sha1_base64="MGvmM5xMPD4/J5iXoaa4R8gsR3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiFy9CRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8c3Mbz9xbUSsHnGScD+iQyVCwSha6eGu7/XLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDKz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWti6rnVr37y0r9Oo+jCCdwCufgQQ3qcAsNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx/KH411</latexit><latexit sha1_base64="MGvmM5xMPD4/J5iXoaa4R8gsR3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiFy9CRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8c3Mbz9xbUSsHnGScD+iQyVCwSha6eGu7/XLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDKz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWti6rnVr37y0r9Oo+jCCdwCufgQQ3qcAsNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx/KH411</latexit><latexit sha1_base64="MGvmM5xMPD4/J5iXoaa4R8gsR3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiFy9CRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8c3Mbz9xbUSsHnGScD+iQyVCwSha6eGu7/XLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDKz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWti6rnVr37y0r9Oo+jCCdwCufgQQ3qcAsNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx/KH411</latexit>

M2
<latexit sha1_base64="YBKkM/usJGsWPS4Y3bENK9gGaLI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiFy9CRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpn57SdUmsfy0UwS9CM6lDzkjBorPdz1a/1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5qVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjlZ1wmqUHJFovCVBATk9nfZMAVMiMmllCmuL2VsBFVlBmbTsmG4C2/vEpatarnVr37i0r9Oo+jCCdwCufgwSXU4RYa0AQGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/Lo412</latexit><latexit sha1_base64="YBKkM/usJGsWPS4Y3bENK9gGaLI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiFy9CRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpn57SdUmsfy0UwS9CM6lDzkjBorPdz1a/1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5qVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjlZ1wmqUHJFovCVBATk9nfZMAVMiMmllCmuL2VsBFVlBmbTsmG4C2/vEpatarnVr37i0r9Oo+jCCdwCufgwSXU4RYa0AQGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/Lo412</latexit><latexit sha1_base64="YBKkM/usJGsWPS4Y3bENK9gGaLI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiFy9CRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpn57SdUmsfy0UwS9CM6lDzkjBorPdz1a/1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5qVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjlZ1wmqUHJFovCVBATk9nfZMAVMiMmllCmuL2VsBFVlBmbTsmG4C2/vEpatarnVr37i0r9Oo+jCCdwCufgwSXU4RYa0AQGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/Lo412</latexit><latexit sha1_base64="YBKkM/usJGsWPS4Y3bENK9gGaLI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiFy9CRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpn57SdUmsfy0UwS9CM6lDzkjBorPdz1a/1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5qVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjlZ1wmqUHJFovCVBATk9nfZMAVMiMmllCmuL2VsBFVlBmbTsmG4C2/vEpatarnVr37i0r9Oo+jCCdwCufgwSXU4RYa0AQGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/Lo412</latexit>

M3
<latexit sha1_base64="9tqphzimMdad54ZqqI8Qr1wx0+c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRixehov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91hMqzWP5aMYJ+hEdSB5yRo2VHu56571yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+vEyaZ1XPrXr3F5XadR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AzSeNdw==</latexit><latexit sha1_base64="9tqphzimMdad54ZqqI8Qr1wx0+c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRixehov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91hMqzWP5aMYJ+hEdSB5yRo2VHu56571yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+vEyaZ1XPrXr3F5XadR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AzSeNdw==</latexit><latexit sha1_base64="9tqphzimMdad54ZqqI8Qr1wx0+c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRixehov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91hMqzWP5aMYJ+hEdSB5yRo2VHu56571yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+vEyaZ1XPrXr3F5XadR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AzSeNdw==</latexit><latexit sha1_base64="9tqphzimMdad54ZqqI8Qr1wx0+c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRixehov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91hMqzWP5aMYJ+hEdSB5yRo2VHu56571yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+vEyaZ1XPrXr3F5XadR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AzSeNdw==</latexit>
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Mesh Simplification 101
Mesh Simplification is one of the key phase in 3D surface reconstruction
(modeling).

Figure: High Polygonal and Low Polygonal Representation

Two common techniques:
Reduction: polygon reduction
Remeshing: topological
reconstruction

Process: M0 (Initial Mesh) → M1

→ M2 → ... → M∗ (Ideal Mesh)
Factors: #polygons, viewport, ...

#polys

poor

visual
appearance

perfect

ideal

Space of meshes

M0
<latexit sha1_base64="lDszniCoPLpvVKgnO+1NS8sZZQk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiFy9CRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8c3Mbz9xbUSsHnGScD+iQyVCwSha6eGu7/bLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDKz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWti6rnVr37y0r9Oo+jCCdwCufgQQ3qcAsNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx/Im410</latexit><latexit sha1_base64="lDszniCoPLpvVKgnO+1NS8sZZQk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiFy9CRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8c3Mbz9xbUSsHnGScD+iQyVCwSha6eGu7/bLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDKz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWti6rnVr37y0r9Oo+jCCdwCufgQQ3qcAsNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx/Im410</latexit><latexit sha1_base64="lDszniCoPLpvVKgnO+1NS8sZZQk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiFy9CRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8c3Mbz9xbUSsHnGScD+iQyVCwSha6eGu7/bLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDKz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWti6rnVr37y0r9Oo+jCCdwCufgQQ3qcAsNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx/Im410</latexit><latexit sha1_base64="lDszniCoPLpvVKgnO+1NS8sZZQk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiFy9CRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8c3Mbz9xbUSsHnGScD+iQyVCwSha6eGu7/bLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDKz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWti6rnVr37y0r9Oo+jCCdwCufgQQ3qcAsNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx/Im410</latexit>

M⇤<latexit sha1_base64="+WEgTlzN7636O6CZgK+/9uoqtBY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXgRKtoPaEPZbDft0s0m7E6EEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCCRwqDrfjuFldW19Y3iZmlre2d3r7x/0DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjG6mfuuJayNi9YjjhPsRHSgRCkbRSg93vbNeueJW3RnIMvFyUoEc9V75q9uPWRpxhUxSYzqem6CfUY2CST4pdVPDE8pGdMA7lioaceNns1Mn5MQqfRLG2pZCMlN/T2Q0MmYcBbYzojg0i95U/M/rpBhe+ZlQSYpcsfmiMJUEYzL9m/SF5gzl2BLKtLC3EjakmjK06ZRsCN7iy8ukeV713Kp3f1GpXedxFOEIjuEUPLiEGtxCHRrAYADP8ApvjnRenHfnY95acPKZQ/gD5/MHv4ONbg==</latexit><latexit sha1_base64="+WEgTlzN7636O6CZgK+/9uoqtBY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXgRKtoPaEPZbDft0s0m7E6EEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCCRwqDrfjuFldW19Y3iZmlre2d3r7x/0DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjG6mfuuJayNi9YjjhPsRHSgRCkbRSg93vbNeueJW3RnIMvFyUoEc9V75q9uPWRpxhUxSYzqem6CfUY2CST4pdVPDE8pGdMA7lioaceNns1Mn5MQqfRLG2pZCMlN/T2Q0MmYcBbYzojg0i95U/M/rpBhe+ZlQSYpcsfmiMJUEYzL9m/SF5gzl2BLKtLC3EjakmjK06ZRsCN7iy8ukeV713Kp3f1GpXedxFOEIjuEUPLiEGtxCHRrAYADP8ApvjnRenHfnY95acPKZQ/gD5/MHv4ONbg==</latexit><latexit sha1_base64="+WEgTlzN7636O6CZgK+/9uoqtBY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXgRKtoPaEPZbDft0s0m7E6EEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCCRwqDrfjuFldW19Y3iZmlre2d3r7x/0DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjG6mfuuJayNi9YjjhPsRHSgRCkbRSg93vbNeueJW3RnIMvFyUoEc9V75q9uPWRpxhUxSYzqem6CfUY2CST4pdVPDE8pGdMA7lioaceNns1Mn5MQqfRLG2pZCMlN/T2Q0MmYcBbYzojg0i95U/M/rpBhe+ZlQSYpcsfmiMJUEYzL9m/SF5gzl2BLKtLC3EjakmjK06ZRsCN7iy8ukeV713Kp3f1GpXedxFOEIjuEUPLiEGtxCHRrAYADP8ApvjnRenHfnY95acPKZQ/gD5/MHv4ONbg==</latexit><latexit sha1_base64="+WEgTlzN7636O6CZgK+/9uoqtBY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXgRKtoPaEPZbDft0s0m7E6EEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCCRwqDrfjuFldW19Y3iZmlre2d3r7x/0DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjG6mfuuJayNi9YjjhPsRHSgRCkbRSg93vbNeueJW3RnIMvFyUoEc9V75q9uPWRpxhUxSYzqem6CfUY2CST4pdVPDE8pGdMA7lioaceNns1Mn5MQqfRLG2pZCMlN/T2Q0MmYcBbYzojg0i95U/M/rpBhe+ZlQSYpcsfmiMJUEYzL9m/SF5gzl2BLKtLC3EjakmjK06ZRsCN7iy8ukeV713Kp3f1GpXedxFOEIjuEUPLiEGtxCHRrAYADP8ApvjnRenHfnY95acPKZQ/gD5/MHv4ONbg==</latexit>

M1
<latexit sha1_base64="MGvmM5xMPD4/J5iXoaa4R8gsR3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiFy9CRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8c3Mbz9xbUSsHnGScD+iQyVCwSha6eGu7/XLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDKz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWti6rnVr37y0r9Oo+jCCdwCufgQQ3qcAsNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx/KH411</latexit><latexit sha1_base64="MGvmM5xMPD4/J5iXoaa4R8gsR3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiFy9CRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8c3Mbz9xbUSsHnGScD+iQyVCwSha6eGu7/XLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDKz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWti6rnVr37y0r9Oo+jCCdwCufgQQ3qcAsNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx/KH411</latexit><latexit sha1_base64="MGvmM5xMPD4/J5iXoaa4R8gsR3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiFy9CRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8c3Mbz9xbUSsHnGScD+iQyVCwSha6eGu7/XLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDKz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWti6rnVr37y0r9Oo+jCCdwCufgQQ3qcAsNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx/KH411</latexit><latexit sha1_base64="MGvmM5xMPD4/J5iXoaa4R8gsR3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiFy9CRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8c3Mbz9xbUSsHnGScD+iQyVCwSha6eGu7/XLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDKz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWti6rnVr37y0r9Oo+jCCdwCufgQQ3qcAsNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx/KH411</latexit>

M2
<latexit sha1_base64="YBKkM/usJGsWPS4Y3bENK9gGaLI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiFy9CRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpn57SdUmsfy0UwS9CM6lDzkjBorPdz1a/1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5qVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjlZ1wmqUHJFovCVBATk9nfZMAVMiMmllCmuL2VsBFVlBmbTsmG4C2/vEpatarnVr37i0r9Oo+jCCdwCufgwSXU4RYa0AQGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/Lo412</latexit><latexit sha1_base64="YBKkM/usJGsWPS4Y3bENK9gGaLI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiFy9CRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpn57SdUmsfy0UwS9CM6lDzkjBorPdz1a/1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5qVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjlZ1wmqUHJFovCVBATk9nfZMAVMiMmllCmuL2VsBFVlBmbTsmG4C2/vEpatarnVr37i0r9Oo+jCCdwCufgwSXU4RYa0AQGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/Lo412</latexit><latexit sha1_base64="YBKkM/usJGsWPS4Y3bENK9gGaLI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiFy9CRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpn57SdUmsfy0UwS9CM6lDzkjBorPdz1a/1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5qVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjlZ1wmqUHJFovCVBATk9nfZMAVMiMmllCmuL2VsBFVlBmbTsmG4C2/vEpatarnVr37i0r9Oo+jCCdwCufgwSXU4RYa0AQGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/Lo412</latexit><latexit sha1_base64="YBKkM/usJGsWPS4Y3bENK9gGaLI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiFy9CRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpn57SdUmsfy0UwS9CM6lDzkjBorPdz1a/1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5qVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjlZ1wmqUHJFovCVBATk9nfZMAVMiMmllCmuL2VsBFVlBmbTsmG4C2/vEpatarnVr37i0r9Oo+jCCdwCufgwSXU4RYa0AQGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/Lo412</latexit>

M3
<latexit sha1_base64="9tqphzimMdad54ZqqI8Qr1wx0+c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRixehov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91hMqzWP5aMYJ+hEdSB5yRo2VHu56571yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+vEyaZ1XPrXr3F5XadR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AzSeNdw==</latexit><latexit sha1_base64="9tqphzimMdad54ZqqI8Qr1wx0+c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRixehov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91hMqzWP5aMYJ+hEdSB5yRo2VHu56571yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+vEyaZ1XPrXr3F5XadR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AzSeNdw==</latexit><latexit sha1_base64="9tqphzimMdad54ZqqI8Qr1wx0+c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRixehov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91hMqzWP5aMYJ+hEdSB5yRo2VHu56571yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+vEyaZ1XPrXr3F5XadR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AzSeNdw==</latexit><latexit sha1_base64="9tqphzimMdad54ZqqI8Qr1wx0+c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRixehov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91hMqzWP5aMYJ+hEdSB5yRo2VHu56571yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+vEyaZ1XPrXr3F5XadR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AzSeNdw==</latexit>
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Why do we need Mesh Simplification?

Video Games: render objects in different Level of Details (LOD)
AR/VR/MR: reduce huge memory and computation consumption for mobile
applications
3D Print: reduce the complexity of a object to speed up the print
Biometric Authentication: efficient model and recognize 3D faces
and more...
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Mesh Representation and Optimization

A mesh is a piecewise linear surface, consisting of triangular faces pasted together
along their edges.

Formally, a mesh M is a pair (K,V) where K is a simplicial complex and V is
a point cloud.
Optimization: Given a set of points X and a initial mesh M′, obtain a mesh
that preserve topology and fits X with minimum number of vertices.

Mesh Energy E(M) [Hoppe et al., 1993]:

E(M) = Edist(K,V) + Erep(K) + Espring(K,V)

Edist: distance energy sum of squared distances from X to the mesh
Erep: representation energy penalizes meshes with a large number of vertices
Espring: spring energy penalizes sharp dihedral angles in the mesh
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Edge Collapse

u v u

Before After

Minimize the (curvature) cost of collapse:

Quadric Edge Collapse [Garland and Heckbert, 1997]
Rapid Edge Collapse [Melax, 1998]

cost(u, v) = ||u − v||︸ ︷︷ ︸
distance

×max
f∈Tu

min
n∈Tuv

1− f.normal · n.normal︸ ︷︷ ︸
curvature



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Adaptive Dual Contouring Remeshing [Ju et al., 2002]

Find a approximation of existing mesh. Key ideas:

1 reduce or increase polygons
2 construct octree using quadradic errors and simplify the tree
3 recursively above steps
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Adaptive Dual Contouring Remeshing [Ju et al., 2002]

Find a approximation of existing mesh. Key ideas:
1 reduce or increase polygons
2 construct octree using quadradic errors and simplify the tree
3 recursively above steps
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Industrial Solutions
Open source 😃:

Blender: Decimate Modifier1, Remesh Modifier2

Meshlab: Quadric Edge Collapse Decimation1

Commercial (Proprietary Methods 😐):
Autodesk Maya, Autodesk 3dsMax, Simplygon, Rich Plugins ...

A proficient designer takes almost 1 week:

input : Mesh M0, Criterial (e.g. #polys, ...)
output: Simplified mesh M∗
begin

repeat
if has good visual appearance then

polygon reduction
else

remeshing
end

until converge to target criterial;
end

1quadric or rapid edge collapse
2dual contouring
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Comparison of Edge Collapse and Remeshing

Practical experience:

Efficiency

Conformality

FastSlow

High

Low Edge Collapse

Remeshing

More: Topology-preserving,
direction-preserving, area-preserving,
distance-preserving, ...

Initial Mesh RemeshingEdge Collapse

Figure: An octagon mesh simplification: comparing
remeshing and edge collapse

Is there a way to facilitate them both?
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Bernhard Riemann

Figure: Bernhard Riemann (1826 – 1866)

Euclidean Parallel postulate (simplified): In a plane, given a line
and a point not on it, at most one line parallel to the given line
can be drawn through the point.
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Revisited: Curvature From Continus to Discrete
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<latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit><latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit><latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit><latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit>

 = 1
<latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit><latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit><latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit><latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit>

 =
0

<latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit>

 = 0
<latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit>


=
0

<latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit>


=

0
<latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit>

T (s)
<latexit sha1_base64="zJOSAeVmWMbIMZK1MjRtNnYWaRA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxW6Be0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOZMG9f9dkobm1vbO+Xdyt7+weFR9fikq6NEEdohEY9UP8CaciZpxzDDaT9WFIuA014wu8/83hNVmkWybeYx9QWeSBYygk0mtev6clStuQ03B1onXkFqUKA1qn4NxxFJBJWGcKz1wHNj46dYGUY4XVSGiaYxJjM8oQNLJRZU+2l+6wJdWGWMwkjZkgbl6u+JFAut5yKwnQKbqV71MvE/b5CY8NZPmYwTQyVZLgoTjkyEssfRmClKDJ9bgoli9lZEplhhYmw8FRuCt/ryOuleNTy34T1e15p3RRxlOINzqIMHN9CEB2hBBwhM4Rle4c0Rzovz7nwsW0tOMXMKf+B8/gBJSI26</latexit><latexit sha1_base64="zJOSAeVmWMbIMZK1MjRtNnYWaRA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxW6Be0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOZMG9f9dkobm1vbO+Xdyt7+weFR9fikq6NEEdohEY9UP8CaciZpxzDDaT9WFIuA014wu8/83hNVmkWybeYx9QWeSBYygk0mtev6clStuQ03B1onXkFqUKA1qn4NxxFJBJWGcKz1wHNj46dYGUY4XVSGiaYxJjM8oQNLJRZU+2l+6wJdWGWMwkjZkgbl6u+JFAut5yKwnQKbqV71MvE/b5CY8NZPmYwTQyVZLgoTjkyEssfRmClKDJ9bgoli9lZEplhhYmw8FRuCt/ryOuleNTy34T1e15p3RRxlOINzqIMHN9CEB2hBBwhM4Rle4c0Rzovz7nwsW0tOMXMKf+B8/gBJSI26</latexit><latexit sha1_base64="zJOSAeVmWMbIMZK1MjRtNnYWaRA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxW6Be0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOZMG9f9dkobm1vbO+Xdyt7+weFR9fikq6NEEdohEY9UP8CaciZpxzDDaT9WFIuA014wu8/83hNVmkWybeYx9QWeSBYygk0mtev6clStuQ03B1onXkFqUKA1qn4NxxFJBJWGcKz1wHNj46dYGUY4XVSGiaYxJjM8oQNLJRZU+2l+6wJdWGWMwkjZkgbl6u+JFAut5yKwnQKbqV71MvE/b5CY8NZPmYwTQyVZLgoTjkyEssfRmClKDJ9bgoli9lZEplhhYmw8FRuCt/ryOuleNTy34T1e15p3RRxlOINzqIMHN9CEB2hBBwhM4Rle4c0Rzovz7nwsW0tOMXMKf+B8/gBJSI26</latexit><latexit sha1_base64="zJOSAeVmWMbIMZK1MjRtNnYWaRA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxW6Be0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOZMG9f9dkobm1vbO+Xdyt7+weFR9fikq6NEEdohEY9UP8CaciZpxzDDaT9WFIuA014wu8/83hNVmkWybeYx9QWeSBYygk0mtev6clStuQ03B1onXkFqUKA1qn4NxxFJBJWGcKz1wHNj46dYGUY4XVSGiaYxJjM8oQNLJRZU+2l+6wJdWGWMwkjZkgbl6u+JFAut5yKwnQKbqV71MvE/b5CY8NZPmYwTQyVZLgoTjkyEssfRmClKDJ9bgoli9lZEplhhYmw8FRuCt/ryOuleNTy34T1e15p3RRxlOINzqIMHN9CEB2hBBwhM4Rle4c0Rzovz7nwsW0tOMXMKf+B8/gBJSI26</latexit>N(s)

<latexit sha1_base64="jLcg5xsMohpldlEPVLHUBR3IAfc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxJBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+7r+nxYrbkNNwdaJV5BalCgNax+DUYRSQSVhnCsdd9zY+OnWBlGOJ1XBommMSZTPKZ9SyUWVPtpfuscnVllhMJI2ZIG5erviRQLrWcisJ0Cm4le9jLxP6+fmPDaT5mME0MlWSwKE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPBUbgrf88irpXDQ8t+E9XNaaN0UcZTiBU6iDB1fQhDtoQRsITOAZXuHNEc6L8+58LFpLTjFzDH/gfP4AQB6NtA==</latexit><latexit sha1_base64="jLcg5xsMohpldlEPVLHUBR3IAfc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxJBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+7r+nxYrbkNNwdaJV5BalCgNax+DUYRSQSVhnCsdd9zY+OnWBlGOJ1XBommMSZTPKZ9SyUWVPtpfuscnVllhMJI2ZIG5erviRQLrWcisJ0Cm4le9jLxP6+fmPDaT5mME0MlWSwKE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPBUbgrf88irpXDQ8t+E9XNaaN0UcZTiBU6iDB1fQhDtoQRsITOAZXuHNEc6L8+58LFpLTjFzDH/gfP4AQB6NtA==</latexit><latexit sha1_base64="jLcg5xsMohpldlEPVLHUBR3IAfc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxJBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+7r+nxYrbkNNwdaJV5BalCgNax+DUYRSQSVhnCsdd9zY+OnWBlGOJ1XBommMSZTPKZ9SyUWVPtpfuscnVllhMJI2ZIG5erviRQLrWcisJ0Cm4le9jLxP6+fmPDaT5mME0MlWSwKE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPBUbgrf88irpXDQ8t+E9XNaaN0UcZTiBU6iDB1fQhDtoQRsITOAZXuHNEc6L8+58LFpLTjFzDH/gfP4AQB6NtA==</latexit><latexit sha1_base64="jLcg5xsMohpldlEPVLHUBR3IAfc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxJBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+7r+nxYrbkNNwdaJV5BalCgNax+DUYRSQSVhnCsdd9zY+OnWBlGOJ1XBommMSZTPKZ9SyUWVPtpfuscnVllhMJI2ZIG5erviRQLrWcisJ0Cm4le9jLxP6+fmPDaT5mME0MlWSwKE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPBUbgrf88irpXDQ8t+E9XNaaN0UcZTiBU6iDB1fQhDtoQRsITOAZXuHNEc6L8+58LFpLTjFzDH/gfP4AQB6NtA==</latexit>

�(s)
<latexit sha1_base64="lLR6EO/GrVMWJxr56/xQOaTRJPc=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/ShjLZbtqlu0nY3Qgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCR6xpuFGsE6iGMpAsHYwvp357SemNI+jBzNJmC9xGPGQUzRWeuwNUUqs6vN+ueLW3DnIKvFyUoEcjX75qzeIaSpZZKhArbuemxg/Q2U4FWxa6qWaJUjHOGRdSyOUTPvZ/OApObPKgISxshUZMld/T2QotZ7IwHZKNCO97M3E/7xuasJrP+NRkhoW0cWiMBXExGT2PRlwxagRE0uQKm5vJXSECqmxGZVsCN7yy6ukdVHz3Jp3f1mp3+RxFOEETqEKHlxBHe6gAU2gIOEZXuHNUc6L8+58LFoLTj5zDH/gfP4AJsmP9w==</latexit><latexit sha1_base64="lLR6EO/GrVMWJxr56/xQOaTRJPc=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/ShjLZbtqlu0nY3Qgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCR6xpuFGsE6iGMpAsHYwvp357SemNI+jBzNJmC9xGPGQUzRWeuwNUUqs6vN+ueLW3DnIKvFyUoEcjX75qzeIaSpZZKhArbuemxg/Q2U4FWxa6qWaJUjHOGRdSyOUTPvZ/OApObPKgISxshUZMld/T2QotZ7IwHZKNCO97M3E/7xuasJrP+NRkhoW0cWiMBXExGT2PRlwxagRE0uQKm5vJXSECqmxGZVsCN7yy6ukdVHz3Jp3f1mp3+RxFOEETqEKHlxBHe6gAU2gIOEZXuHNUc6L8+58LFoLTj5zDH/gfP4AJsmP9w==</latexit><latexit sha1_base64="lLR6EO/GrVMWJxr56/xQOaTRJPc=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/ShjLZbtqlu0nY3Qgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCR6xpuFGsE6iGMpAsHYwvp357SemNI+jBzNJmC9xGPGQUzRWeuwNUUqs6vN+ueLW3DnIKvFyUoEcjX75qzeIaSpZZKhArbuemxg/Q2U4FWxa6qWaJUjHOGRdSyOUTPvZ/OApObPKgISxshUZMld/T2QotZ7IwHZKNCO97M3E/7xuasJrP+NRkhoW0cWiMBXExGT2PRlwxagRE0uQKm5vJXSECqmxGZVsCN7yy6ukdVHz3Jp3f1mp3+RxFOEETqEKHlxBHe6gAU2gIOEZXuHNUc6L8+58LFoLTj5zDH/gfP4AJsmP9w==</latexit><latexit sha1_base64="lLR6EO/GrVMWJxr56/xQOaTRJPc=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/ShjLZbtqlu0nY3Qgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCR6xpuFGsE6iGMpAsHYwvp357SemNI+jBzNJmC9xGPGQUzRWeuwNUUqs6vN+ueLW3DnIKvFyUoEcjX75qzeIaSpZZKhArbuemxg/Q2U4FWxa6qWaJUjHOGRdSyOUTPvZ/OApObPKgISxshUZMld/T2QotZ7IwHZKNCO97M3E/7xuasJrP+NRkhoW0cWiMBXExGT2PRlwxagRE0uQKm5vJXSECqmxGZVsCN7yy6ukdVHz3Jp3f1mp3+RxFOEETqEKHlxBHe6gAU2gIOEZXuHNUc6L8+58LFoLTj5zDH/gfP4AJsmP9w==</latexit>

(s) = N(s) · d2

ds2
�(s)

<latexit sha1_base64="yCjnAG4StZZH/w+BGMQVTBLvfiU="></latexit><latexit sha1_base64="yCjnAG4StZZH/w+BGMQVTBLvfiU="></latexit><latexit sha1_base64="yCjnAG4StZZH/w+BGMQVTBLvfiU="></latexit><latexit sha1_base64="yCjnAG4StZZH/w+BGMQVTBLvfiU="></latexit>

Theorem (Whitney-Graustein 1937, human readable version)
Not all properties of a smooth object can be preserved exactly at the discrete level.

→ Discrete differential geometry defines different discrete version of definitions
to preserve various critical geometric properties.
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Revisited: Curvature From Continus to Discrete

 = 1
<latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit><latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit><latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit><latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit>

 = 1
<latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit><latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit><latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit><latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit>

 = 1
<latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit><latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit><latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit><latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit>

 =
0

<latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit>

 = 0
<latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit>


=
0

<latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit>


=

0
<latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit>

T (s)
<latexit sha1_base64="zJOSAeVmWMbIMZK1MjRtNnYWaRA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxW6Be0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOZMG9f9dkobm1vbO+Xdyt7+weFR9fikq6NEEdohEY9UP8CaciZpxzDDaT9WFIuA014wu8/83hNVmkWybeYx9QWeSBYygk0mtev6clStuQ03B1onXkFqUKA1qn4NxxFJBJWGcKz1wHNj46dYGUY4XVSGiaYxJjM8oQNLJRZU+2l+6wJdWGWMwkjZkgbl6u+JFAut5yKwnQKbqV71MvE/b5CY8NZPmYwTQyVZLgoTjkyEssfRmClKDJ9bgoli9lZEplhhYmw8FRuCt/ryOuleNTy34T1e15p3RRxlOINzqIMHN9CEB2hBBwhM4Rle4c0Rzovz7nwsW0tOMXMKf+B8/gBJSI26</latexit><latexit sha1_base64="zJOSAeVmWMbIMZK1MjRtNnYWaRA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxW6Be0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOZMG9f9dkobm1vbO+Xdyt7+weFR9fikq6NEEdohEY9UP8CaciZpxzDDaT9WFIuA014wu8/83hNVmkWybeYx9QWeSBYygk0mtev6clStuQ03B1onXkFqUKA1qn4NxxFJBJWGcKz1wHNj46dYGUY4XVSGiaYxJjM8oQNLJRZU+2l+6wJdWGWMwkjZkgbl6u+JFAut5yKwnQKbqV71MvE/b5CY8NZPmYwTQyVZLgoTjkyEssfRmClKDJ9bgoli9lZEplhhYmw8FRuCt/ryOuleNTy34T1e15p3RRxlOINzqIMHN9CEB2hBBwhM4Rle4c0Rzovz7nwsW0tOMXMKf+B8/gBJSI26</latexit><latexit sha1_base64="zJOSAeVmWMbIMZK1MjRtNnYWaRA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxW6Be0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOZMG9f9dkobm1vbO+Xdyt7+weFR9fikq6NEEdohEY9UP8CaciZpxzDDaT9WFIuA014wu8/83hNVmkWybeYx9QWeSBYygk0mtev6clStuQ03B1onXkFqUKA1qn4NxxFJBJWGcKz1wHNj46dYGUY4XVSGiaYxJjM8oQNLJRZU+2l+6wJdWGWMwkjZkgbl6u+JFAut5yKwnQKbqV71MvE/b5CY8NZPmYwTQyVZLgoTjkyEssfRmClKDJ9bgoli9lZEplhhYmw8FRuCt/ryOuleNTy34T1e15p3RRxlOINzqIMHN9CEB2hBBwhM4Rle4c0Rzovz7nwsW0tOMXMKf+B8/gBJSI26</latexit><latexit sha1_base64="zJOSAeVmWMbIMZK1MjRtNnYWaRA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxW6Be0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOZMG9f9dkobm1vbO+Xdyt7+weFR9fikq6NEEdohEY9UP8CaciZpxzDDaT9WFIuA014wu8/83hNVmkWybeYx9QWeSBYygk0mtev6clStuQ03B1onXkFqUKA1qn4NxxFJBJWGcKz1wHNj46dYGUY4XVSGiaYxJjM8oQNLJRZU+2l+6wJdWGWMwkjZkgbl6u+JFAut5yKwnQKbqV71MvE/b5CY8NZPmYwTQyVZLgoTjkyEssfRmClKDJ9bgoli9lZEplhhYmw8FRuCt/ryOuleNTy34T1e15p3RRxlOINzqIMHN9CEB2hBBwhM4Rle4c0Rzovz7nwsW0tOMXMKf+B8/gBJSI26</latexit>N(s)

<latexit sha1_base64="jLcg5xsMohpldlEPVLHUBR3IAfc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxJBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+7r+nxYrbkNNwdaJV5BalCgNax+DUYRSQSVhnCsdd9zY+OnWBlGOJ1XBommMSZTPKZ9SyUWVPtpfuscnVllhMJI2ZIG5erviRQLrWcisJ0Cm4le9jLxP6+fmPDaT5mME0MlWSwKE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPBUbgrf88irpXDQ8t+E9XNaaN0UcZTiBU6iDB1fQhDtoQRsITOAZXuHNEc6L8+58LFpLTjFzDH/gfP4AQB6NtA==</latexit><latexit sha1_base64="jLcg5xsMohpldlEPVLHUBR3IAfc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxJBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+7r+nxYrbkNNwdaJV5BalCgNax+DUYRSQSVhnCsdd9zY+OnWBlGOJ1XBommMSZTPKZ9SyUWVPtpfuscnVllhMJI2ZIG5erviRQLrWcisJ0Cm4le9jLxP6+fmPDaT5mME0MlWSwKE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPBUbgrf88irpXDQ8t+E9XNaaN0UcZTiBU6iDB1fQhDtoQRsITOAZXuHNEc6L8+58LFpLTjFzDH/gfP4AQB6NtA==</latexit><latexit sha1_base64="jLcg5xsMohpldlEPVLHUBR3IAfc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxJBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+7r+nxYrbkNNwdaJV5BalCgNax+DUYRSQSVhnCsdd9zY+OnWBlGOJ1XBommMSZTPKZ9SyUWVPtpfuscnVllhMJI2ZIG5erviRQLrWcisJ0Cm4le9jLxP6+fmPDaT5mME0MlWSwKE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPBUbgrf88irpXDQ8t+E9XNaaN0UcZTiBU6iDB1fQhDtoQRsITOAZXuHNEc6L8+58LFpLTjFzDH/gfP4AQB6NtA==</latexit><latexit sha1_base64="jLcg5xsMohpldlEPVLHUBR3IAfc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxJBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+7r+nxYrbkNNwdaJV5BalCgNax+DUYRSQSVhnCsdd9zY+OnWBlGOJ1XBommMSZTPKZ9SyUWVPtpfuscnVllhMJI2ZIG5erviRQLrWcisJ0Cm4le9jLxP6+fmPDaT5mME0MlWSwKE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPBUbgrf88irpXDQ8t+E9XNaaN0UcZTiBU6iDB1fQhDtoQRsITOAZXuHNEc6L8+58LFpLTjFzDH/gfP4AQB6NtA==</latexit>

�(s)
<latexit sha1_base64="lLR6EO/GrVMWJxr56/xQOaTRJPc=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/ShjLZbtqlu0nY3Qgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCR6xpuFGsE6iGMpAsHYwvp357SemNI+jBzNJmC9xGPGQUzRWeuwNUUqs6vN+ueLW3DnIKvFyUoEcjX75qzeIaSpZZKhArbuemxg/Q2U4FWxa6qWaJUjHOGRdSyOUTPvZ/OApObPKgISxshUZMld/T2QotZ7IwHZKNCO97M3E/7xuasJrP+NRkhoW0cWiMBXExGT2PRlwxagRE0uQKm5vJXSECqmxGZVsCN7yy6ukdVHz3Jp3f1mp3+RxFOEETqEKHlxBHe6gAU2gIOEZXuHNUc6L8+58LFoLTj5zDH/gfP4AJsmP9w==</latexit><latexit sha1_base64="lLR6EO/GrVMWJxr56/xQOaTRJPc=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/ShjLZbtqlu0nY3Qgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCR6xpuFGsE6iGMpAsHYwvp357SemNI+jBzNJmC9xGPGQUzRWeuwNUUqs6vN+ueLW3DnIKvFyUoEcjX75qzeIaSpZZKhArbuemxg/Q2U4FWxa6qWaJUjHOGRdSyOUTPvZ/OApObPKgISxshUZMld/T2QotZ7IwHZKNCO97M3E/7xuasJrP+NRkhoW0cWiMBXExGT2PRlwxagRE0uQKm5vJXSECqmxGZVsCN7yy6ukdVHz3Jp3f1mp3+RxFOEETqEKHlxBHe6gAU2gIOEZXuHNUc6L8+58LFoLTj5zDH/gfP4AJsmP9w==</latexit><latexit sha1_base64="lLR6EO/GrVMWJxr56/xQOaTRJPc=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/ShjLZbtqlu0nY3Qgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCR6xpuFGsE6iGMpAsHYwvp357SemNI+jBzNJmC9xGPGQUzRWeuwNUUqs6vN+ueLW3DnIKvFyUoEcjX75qzeIaSpZZKhArbuemxg/Q2U4FWxa6qWaJUjHOGRdSyOUTPvZ/OApObPKgISxshUZMld/T2QotZ7IwHZKNCO97M3E/7xuasJrP+NRkhoW0cWiMBXExGT2PRlwxagRE0uQKm5vJXSECqmxGZVsCN7yy6ukdVHz3Jp3f1mp3+RxFOEETqEKHlxBHe6gAU2gIOEZXuHNUc6L8+58LFoLTj5zDH/gfP4AJsmP9w==</latexit><latexit sha1_base64="lLR6EO/GrVMWJxr56/xQOaTRJPc=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/ShjLZbtqlu0nY3Qgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCR6xpuFGsE6iGMpAsHYwvp357SemNI+jBzNJmC9xGPGQUzRWeuwNUUqs6vN+ueLW3DnIKvFyUoEcjX75qzeIaSpZZKhArbuemxg/Q2U4FWxa6qWaJUjHOGRdSyOUTPvZ/OApObPKgISxshUZMld/T2QotZ7IwHZKNCO97M3E/7xuasJrP+NRkhoW0cWiMBXExGT2PRlwxagRE0uQKm5vJXSECqmxGZVsCN7yy6ukdVHz3Jp3f1mp3+RxFOEETqEKHlxBHe6gAU2gIOEZXuHNUc6L8+58LFoLTj5zDH/gfP4AJsmP9w==</latexit>

(s) = N(s) · d2

ds2
�(s)

<latexit sha1_base64="yCjnAG4StZZH/w+BGMQVTBLvfiU="></latexit><latexit sha1_base64="yCjnAG4StZZH/w+BGMQVTBLvfiU="></latexit><latexit sha1_base64="yCjnAG4StZZH/w+BGMQVTBLvfiU="></latexit><latexit sha1_base64="yCjnAG4StZZH/w+BGMQVTBLvfiU="></latexit>

Theorem (Whitney-Graustein 1937, human readable version)
Not all properties of a smooth object can be preserved exactly at the discrete level.

→ Discrete differential geometry defines different discrete version of definitions
to preserve various critical geometric properties.
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Revisited: Curvature From Continus to Discrete

 = 1
<latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit><latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit><latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit><latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit>

 = 1
<latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit><latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit><latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit><latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit>

 = 1
<latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit><latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit><latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit><latexit sha1_base64="fvghw5AAYwsikzOR14v6OBoTVb0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigl6EohePFewHNKFstpt26Waz7E6EWPpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvEgJbsDzvp3S2vrG5lZ5u7Kzu7dfdQ8O2ybNNGUtmopUdyNimOCStYCDYF2lGUkiwTrR+Hbmdx6ZNjyVD5ArFiZkKHnMKQEr9d1qMCZKEXyNAy5jyPtuzat7c+BV4hekhgo0++5XMEhpljAJVBBjer6nIJwQDZwKNq0EmWGK0DEZsp6lkiTMhJP54VN8apUBjlNtSwKeq78nJiQxJk8i25kQGJllbyb+5/UyiK/CCZcqAybpYlGcCQwpnqWAB1wzCiK3hFDN7a2YjogmFGxWFRuCv/zyKmmf132v7t9f1Bo3RRxldIxO0Bny0SVqoDvURC1EUYae0St6c56cF+fd+Vi0lpxi5gj9gfP5AwqSkq0=</latexit>

 =
0

<latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit>

 = 0
<latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit>


=
0

<latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit>


=

0
<latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit><latexit sha1_base64="8+F/LBVvWJLorGfAZfFZBvhF+C4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFus5cs2dtbdveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1dYWV1b3yhulra2d3b3yvsHTZNmmrIGTUWqWxEaJrhkDcutYC2lGSaRYA/R8GbqPzwxbXgq7+1IsTDBvuQxp2id9NgZolJIrojfLVf8qj8DWSZBTiqQo94tf3V6Kc0SJi0VaEw78JUNx6gtp4JNSp3MMIV0iH3WdlRiwkw4nl08ISdO6ZE41a6kJTP198QYE2NGSeQ6E7QDs+hNxf+8dmbjy3DMpcosk3S+KM4EsSmZvk96XDNqxcgRpJq7WwkdoEZqXUglF0Kw+PIyaZ5VA78a3J1Xatd5HEU4gmM4hQAuoAa3UIcGUJDwDK/w5hnvxXv3PuatBS+fOYQ/8D5/ADrgj/Q=</latexit>

T (s)
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(s) = N(s) · d2

ds2
�(s)
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Theorem (Whitney-Graustein 1937, human readable version)
Not all properties of a smooth object can be preserved exactly at the discrete level.

→ Discrete differential geometry defines different discrete version of definitions
to preserve various critical geometric properties.
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Developable Surface [Stein et al., 2018]

Developable surface captures two key properties of smooth developable surfaces:
Flattenability
Presence of straight ruling lines

Figure: A given mesh evolves toward a shape comprised of flattenable pieces separated by highly regular seam
curves.
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Key Properties of Riemannian Manifolds

Flattenability
Presence of straight ruling lines
Locality!
...
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Convolutional Neural Network (CNN)
LetNet-5 [LeCun et al, 1998]:
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Key properties of CNNs

😃 Convolutional (Translation invariance)
😃 Filters localized in space (Deformation Stability)
...

Ou, Changkun 2019 (LMU) Mesh Representation Learning IDC’ 19 Spring, April 3, 2019 19 / 29



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Key properties of CNNs
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😃 Filters localized in space (Deformation Stability)
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CNNs in Non-Euclidean Spaces

What convolutional operator fits non-Euclidean data?

Patch filter [Bronstein et al., 2017]:
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Geodesic CNN [Masci et al., 2015]
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Figure: A Toy Geodesic CNN Architecture
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Conv. Mesh Autoencoders [Ranjan et al., 2018]

Figure: Mesh Sampling Op: (a) down-sampled (b) store the barycentric coordinates (c) transformed using
convolutional operations (d) add contracted vertices at the barycentric locations.

Figure: Convolutional Mesh Autoencoder: The red and blue arrows indicate down-sampling and up-sampling
layers respectively.
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Conv. Mesh Autoencoders [Ranjan et al., 2018]

Figure: Mesh Sampling Op: (a) down-sampled (b) store the barycentric coordinates (c) transformed using
convolutional operations (d) add contracted vertices at the barycentric locations.

Figure: Convolutional Mesh Autoencoder: The red and blue arrows indicate down-sampling and up-sampling
layers respectively.
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Conv. Mesh Autoencoder (cont.) [Ranjan et al., 2018]

Figure: Comparison with PCA: Qualitative results for interpolation experiment
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More Variants

SurfaceNet [Kostrikov et al., 2017]
MeshVAE [Tan et al., 2018]
MeshCNN [Hanocka et al., 2019]
MeshGAN [Cheng et al., 2019]
Volumetric Representation Approaches
Multi-view Representation Approaches
...
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Outline

1 Motivation

2 Common Industrial Approaches
Edge Collapse
Remeshing

3 Recent Advances
Discrete Riemannian Geometry
Mesh Representation Learning

4 Conclusion
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Conclusion
Take away:

Mesh simplification is a key problem in 3D modeling that benefits everyone
Industrial practice usually involves polygon reduction and remeshing in a loop
Combining the power of machine learning and and meaningful geometric structure
for mesh representation learning is an active and challenging research topic at the
present

Open Questions:
What intrinsic form of geometry makes a structure superior when it comes for
learning? Is there any other data structure better than triangulated mesh?
How to facilitate real-time rendering while using neural networks with O(n4)
computational complexity?
How to deal with texture mapping, shading and other 3D modeling with the
representation learning?
How experts quantitatively and qualitatively evaluate a mesh simplification
algorithm outcomes?
Can human decisions assist mesh simplification algorithms as crowdsourcing
contribution?
...

Ou, Changkun 2019 (LMU) Mesh Representation Learning IDC’ 19 Spring, April 3, 2019 26 / 29



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Conclusion
Take away:
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Combining the power of machine learning and and meaningful geometric structure
for mesh representation learning is an active and challenging research topic at the
present

Open Questions:
What intrinsic form of geometry makes a structure superior when it comes for
learning? Is there any other data structure better than triangulated mesh?
How to facilitate real-time rendering while using neural networks with O(n4)
computational complexity?
How to deal with texture mapping, shading and other 3D modeling with the
representation learning?
How experts quantitatively and qualitatively evaluate a mesh simplification
algorithm outcomes?
Can human decisions assist mesh simplification algorithms as crowdsourcing
contribution?
...
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Further Readings I

Akenine-Möller, T., Haines, E., Hoffman, N., Pesce, A., Iwanicki, M., and
Hillaire, S. (2018).
Real-Time Rendering (Fourth Edition).
Taylor & Francis CRC Press.
Bronstein, M. M., Bruna, J., Lecun, Y., Szlam, A., and Vandergheynst, P.
(2017).
Geometric Deep Learning: Going beyond Euclidean data.
IEEE Signal Processing Magazine, 34(4):18–42.

Hoppe, H., DeRose, T., Duchamp, T., McDonald, J., and Stuetzle, W.
(1993).
Mesh optimization.
In Proceedings of the 20th annual conference on Computer graphics and
interactive techniques - SIGGRAPH ’93, volume 86, pages 19–26, New York,
New York, USA. ACM Press.
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Further Readings II

Ju, T., Losasso, F., Schaefer, S., and Warren, J. (2002).
Dual contouring of hermite data.
21(3):339–346.

Masci, J., Boscaini, D., Bronstein, M. M., and Vandergheynst, P. (2015).
Geodesic Convolutional Neural Networks on Riemannian Manifolds.
In 2015 IEEE International Conference on Computer Vision Workshop
(ICCVW), pages 832–840. IEEE.

Stein, O., Grinspun, E., and Crane, K. (2018).
Developability of triangle meshes.
ACM Transactions on Graphics (TOG), 37(4):1–14.
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